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Amid the rise of the influencer economy, fake social media accounts have become prevalent on many social
media platforms. Yet the problem of fake accounts is still poorly understood, and so is the effectiveness
of coping strategies. This research models the ecosystem of fake accounts in an influencer economy and
obtains insights on fake-account purchasing behaviors, the impact of anti-fake efforts, and the roles of various
contextual factors. We show that as the anti-fake effort increases, the equilibrium may transition from
a “pooling” equilibrium where a low-quality influencer buys fake accounts to mimic a high-quality one,
to a “costly-separating” equilibrium where a high-quality influencer may buy fake accounts to prevent
mimicry from a low-quality influencer, and to a “naturally-separating” equilibrium where low- and high-
quality influencers are separated without buying fake accounts. We find that increasing anti-fake efforts and
increasing social media literacy may sometimes result in more fake accounts. A purely profit-driven platform
always prefers a pooling equilibrium with zero anti-fake effort. As a platform puts more weight on consumer
welfare, it may exert a positive effort to induce a separating equilibrium, but the platform’s preferred anti-
fake effort tends to be lower than that of consumers. We also find that the platform sometimes prefers a
lower social media literacy and a lower fake-account base price, whereas consumers prefer the opposite. In
contrast, improving the anti-fake technology level can benefit both the platform and consumers. Our main

insights are applicable to scenarios with more influencer types and repeated interactions.
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1. Introduction

On Oct 16, 2019, a popular microblogger with 3.8 million followers on Weibo, one of the largest
microblogging platforms in China, posted an advertisement. Within 50 minutes, the advertisement
garnered 121k views, thousands of likes, and hundreds of comments and shares. The advertiser was
thrilled to see the response but surprised by the number of conversions: zero! It turned out that

the microblog was infested with fake followers. This incidence is not alone: Facebook, Instagram,



and Twitter have all been reported struggling with fake account problems (Confessore et al. 2018,
Moore and Murphy 2019, Freixa 2021, Ortutay 2022).

By “fake accounts,” we mean social media accounts designed to impersonate real users with
fake personal information and/or behaviors. While a majority of fake accounts are automated
(or “bots”), fake accounts may also be created and operated by real humans (Nicas 2020). Fake
accounts are created for several reasons. The most common use of fake accounts is to boost influence:
social media influencers may buy fake accounts to make their accounts or social media posts appear
more influential, which can result in more followers and higher advertising income. Some users
may create fake accounts to obtain perks such as signup bonuses and coupons. Others may use
fake accounts to spread phishing, scams, and malware. Yet others may use fake accounts to sway
public opinions and election outcomes. This paper focuses on influence-boosting fake accounts due
to their prevalence.

The demand for influence-boosting fake accounts has surged in the influencer economy (Confes-
sore et al. 2018, Federal Trade Commission 2019), in which large and small social media influencers
can get paid for each piece of promotional content (e.g., sponsored posts and product endorsements)
they share, depending on their reach (e.g., number of followers) and engagement (e.g., clicks and
likes) metrics.® As such, influencers have strong incentives to use fake accounts to artificially boost
their reach and engagement metrics. The link between the influencer economy and fake accounts is
highlighted in the widely publicized case of the Federal Trade Commission (FTC) versus Devumi
in 2019. Devumi is a company that made millions of dollars by manufacturing and selling fake
accounts and associated services to actors, athletes, musicians, and other high-profile individuals
who wanted to appear more popular and influential online (Confessore et al. 2018). Though FTC
imposed a fine of $2.5 million on Devumi with the intent of deterring future fake accounts trading,
the fake account problem has never abated — for example, in the first quarter of 2022, Facebook
shut down 1.6 billion fake accounts and estimated that there were no less than five percent of the
Facebook users were still fake after the removal (Warwick 2022).

Because fake accounts can result in wasteful marketing expenditures and mislead social media
users, social media platforms have already begun to tackle the fake account problem. A major tool
used for fighting fake accounts is automated fake account detection and prevention. For exam-
ple, Facebook uses machine learning to detect and block fake accounts both before and after
they come alive (Hao 2020). Social media platforms also use user verification technologies such
as retCAPTCHA and two-factor authentication to deter automated fake account creation. Such

platform-led anti-fake efforts face considerable technical challenges, however. Not only there is a
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wide range of user behaviors, making it nearly impossible to automatically differentiate between
real and fake accounts (Nicas 2020), but also fake account providers are increasingly adept at emu-
lating genuine users with advanced Al techniques (e.g., a recent report found computer-generated
images in fake LinkedIn profiles (Robins 2022). Given these technical challenges, it is unclear how
platform-led anti-fake efforts may affect the prevalence of fake accounts.

There is also a concern about whether social media platforms can be trusted to resolve the issue
of fake accounts on their own. Social media platforms, due to their inherent interest in maintaining
a large number of active users, may be reluctant to reveal a large number of fake accounts or
remove them. Moreover, anti-fake efforts such as fake account detection and user verification tend
to inconvenience legitimate users. For example, heightened user verification aimed at preventing
fake accounts can frustrate legitimate users, potentially driving them away from the platform
(ArkoseLabs 2021). In general, we do not yet know whether the platform can be expected to exert
the level of anti-fake efforts that is ideal for consumers.

Besides platform-led anti-fake efforts, a few contextual factors may potentially impact the preva-
lence of fake accounts. For example, schools and online education institutions have taken initiatives
to improve social media literacy among young and adult social media users (Al Zou’bi 2022). With
enhanced social media literacy, users can become better at discerning the veracity of information
on social media, which may reduce the influence of fake accounts on consumer decisions (Polanco-
Levican and Salvo-Garrido 2022). Meanwhile, regulators and government agencies can also use
tools such as regulations and fines to make it more costly to operate and trade fake accounts. To
develop effective strategies for tackling the fake account problem, we need to understand how such
factors may impact the prevalence of fake accounts, consumer welfare, and social media platforms’
profitability.

Our current understanding of the fake account phenomenon remains highly limited due to the
scarcity of reliable data on fake accounts. For example, we do not know what types of influencers
are more likely to buy fake accounts or if it is always better to have fewer fake accounts. Existing
studies of fake accounts primarily focus on examining fake accounts’ activities and developing
detection techniques (Raturi 2018, Yuan et al. 2019). Numerous questions surrounding the fake
account phenomenon, including the ones highlighted above, remain unanswered. These suggest
a need for a systematic examination of the fake account phenomenon so that multiple related
questions can be answered holistically.

To address this need, we build a stylized game-theoretical model of fake accounts in the con-
text of an influencer economy. This model comprises several stakeholders, including consumers, a

representative influencer, an advertiser, and a social media platform. The influencer can be either



high-quality or low-quality. A proportion of consumers are “informed” about the influencer’s qual-
ity, whereas the rest are “uninformed.” Informed consumers make their following decisions first.
Uninformed consumers make their following decisions after seeing the influencer’s follower count,
which could be inflated by fake accounts. In this economy, the advertiser reaches consumers through
the influencer, and both the influencer and the platform get a share of the advertising revenue. The
platform can mount an anti-fake effort that increases the price of fake accounts, but such an effort
inevitably also increases the nuisance cost of consumers. The anti-fake technology level governs the
extent to which the anti-fake effort can raise the price of fake accounts without imposing much
nuisance cost on consumers. In our model, the platform maximizes a weighted sum of profits and
consumer welfare. When the platform assigns zero weight to consumer welfare, it is purely profit-
driven. As the weight increases, the platform becomes more consumer-oriented. We use this model
to address a host of questions, such as:

1. What is the social media influencer’s equilibrium fake-account purchasing behavior?

2. How does the platform’s anti-fake effort affect the number of fake accounts, the platform’s
profits, and consumer welfare? Is the platform’s preferred anti-fake effort aligned with consumers’?

3. How do contextual factors such as the anti-fake technology level, social media literacy (as
measured by the proportion of informed consumers), and the base price of fake accounts affect the
equilibrium, the platform’s profits, and consumer welfare?

Our analyses show that there is a pooling equilibrium where a low-quality influencer (L-type for
short) offensively purchases fake accounts to mimic a high-quality influencer (H-type), a costly-
separating equilibrium, where an H-type defensively purchases fake accounts to prevent an [L-
type from mimicking, and a naturally-separating equilibrium where the two types of influencers
separate without needing to purchase fake accounts. As the platform’s anti-fake effort increases,
the equilibrium generally transitions from a pooling, a costly-separating, and then to a naturally-
separating equilibrium. Interestingly, the number of fake accounts may sometimes increase with the
anti-fake effort, especially in the pooling equilibrium. This is because, under a pooling equilibrium,
a higher anti-fake effort results in a larger gap in the H- and L-type’s follower counts, forcing
the L-type to purchase more fake accounts despite higher costs. We also observe that the number
of fake accounts can jump significantly as the system transitions from a pooling to a separating
equilibrium — this is because an L-type is willing to pay more to be seen as an H-type in a separating
equilibrium than as an average type in a pooling equilibrium.

We show that a purely profit-driven platform always prefers zero anti-fake effort which results
in a pooling equilibrium. The reason is that a pooling equilibrium can result in more uninformed
followers and higher advertising revenue. As the platform becomes more consumer-oriented, it

may exert a positive effort to induce a costly-separating or a naturally-separating equilibrium. In



general, though, the platform’s optimal anti-fake effort tends to be lower than what is optimal for
consumers.

Moreover, while consumers benefit from a higher level of social media literacy and a higher
fake-account base price, a sufficiently profit-focused platform may prefer the opposite. We also find
that, under a pooling equilibrium, the number of fake accounts is unaffected by the base price
of fake accounts — this is because, under such an equilibrium, the L-type must make up for the
follower gap regardless of the price of fake accounts. This suggests that the social media platform
may lack interest in improving social media literacy or raising the price of fake accounts, although
such measures can improve consumer welfare. In contrast, both the platform and consumers may
benefit from improving anti-fake technology (under a separating equilibrium).

In addition, we show that key insights from the one-shot game with two types of influencers

could carry over a repeated setting and a model with more influencer types.

2. Related Literature
To our knowledge, the fake social media account problem has not been formally modeled in the
literature. However, the literature has studied several other types of deceptive/manipulative behav-
iors in commerce and advertising contexts, including deceptive advertising (Piccolo et al. 2018),
fake reviews, fake sales (Chen et al. 2022), and click fraud (Wilbur and Zhu 2009). In general,
our problem and focus are quite different, but there are similarities in the analytical framework.
Below, we discuss the relationship between our research and prior studies of deceptive/manipulative
behaviors from three aspects: equilibrium behaviors, coping strategies, and welfare implications.
First, our paper is connected to several studies of equilibrium deceptive/manipulative behaviors
that also use the signaling model as the analytical framework. In general, the stream on deceptive
advertising as well as fake sales usually studies a game in which sellers compete for buyers using
deceptive tactics such as false advertising, fake purchases, fake reviews, and so on, along with
pricing decisions. In contrast, influencers in our setting have no pricing decisions — they only need
to decide how many fake accounts to purchase to influence consumer and advertiser perceptions
of them. Furthermore, the previous studies mainly focus on one type of equilibrium. For instance,
Piccolo et al. (2018) characterize a class of pooling equilibria where the L-type sellers deceive a
buyer. Similarly, Mayzlin (2006) also finds a pooling equilibrium in which sellers with inferior prod-
ucts lie. In contrast, another paper in the same stream focuses on a separating equilibrium (Corts
2013). Recently, Chen and Papanastasiou (2021) study a game in which the seller manipulates the
buyers’ beliefs with fake purchases. They find that a bad (i.e., L-type) seller may or may not engage
in manipulation (i.e., make fake purchases) while a good (H-type) one never manipulates. We, on

the other hand, find a different pattern that not only the L-type influencer makes fake-account



purchasing in the pooling equilibrium, but the H-type manipulates (i.e., buys fake accounts) in
the costly-separating equilibrium as well. In addition, we also identify a naturally-separating equi-
librium in which neither type buys fake accounts.

Second, our paper is also related to a small literature on the effectiveness of anti-fake strategies.
This literature has studied the strategies for helping consumers learn the true quality of products
through information disclosure (Papanastasiou et al. 2018, Che and Hérner 2018, Pennycook et al.
2020) and penalizing the information producers for their manipulative behaviors (Papanastasiou
2020, Corts 2014). In particular, Chen and Papanastasiou (2021) study the detection-and-removal
strategy against seller manipulation (e.g., via fake purchases and reviews) and observe that more
intensive detection-and-removal may lead to more seller manipulation because it increases con-
sumers’ trust, which further leads to higher equilibrium prices and greater seller manipulation.
We also find that anti-fake efforts may sometimes lead to more fake accounts, but for a different
reason: it can increase the gap between H- and L-type influencers, which forces the L-type to buy
more fake accounts to make up for the gap. Our model of the anti-fake efforts is also different: they
increase the cost of fake accounts but also increase the nuisance costs of consumers. Importantly,
we gain insights into other interventions, e.g., increasing the level of anti-fake technology and social
media literacy, which are new to this literature.

Third, our study is related to research on the welfare effects of deceptive behaviors. Piccolo et al.
(2018) examine how consumer welfare is affected by sellers’ deceptive strategies. They suggested
that consumer welfare could be higher under the equilibrium with sellers’ deceptive advertising.
Chen et al. (2022) study the impact of brushing (e.g., fake sales) on consumer welfare and find that
brushing can either improve or hurt consumer welfare. Our work on consumer welfare is closest to
(Chen and Papanastasiou 2021) which suggests that seller and consumer welfare can be maximized
at an intermediate level of anti-fake effort by the platform (e.g., detecting fake reviews) or the
government (e.g., law enforcement against fake product endorsements). Different from Chen and
Papanastasiou (2021)’s work, our study is set in the context of an influencer economy rather than
an e-commerce setting. We study not only the platform’s anti-fake effort from the consumer welfare
point of view but also the welfare impact of other interventions, such as increasing social media
literacy, increasing fake-account base price (which has a similar interpretation as the government’s
anti-fake effort), and increasing effectiveness of anti-fake technology.

Finally, our paper should be contrasted with the study of click fraud by advertisers in the
context of search engine keyword auctions by Wilbur and Zhu (2009). Their focus is on the unfair
competition between advertisers in an auction context and its impact on search engine revenue.
Their game has a very different structure from ours. In addition, they do not study search engines’

strategies for coping with click fraud or consumer welfare implications.



3. The Model

We model fake accounts in the context of influencer marketing, where advertisers pay influencers on
social media platforms to promote their brands/products. The ecosystem consists of a social media
platform, a representative influencer, a unit mass of consumers, and a representative advertiser.

Figure 1 depicts their relationships, which we discuss further below.
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Figure 1 Model Sketch

3.1. The Platform

The social media platform facilitates influencer marketing campaigns, including providing tools for
advertisers and influencers to find each other, launch and monitor influencer marketing campaigns,
and make payments for such campaigns.? In return for such services, the platform gets a share of
the revenue generated by influencer marketing campaigns.

The platform chooses the level of anti-fake efforts d (d > 0) (effort for short), which may include
efforts spent on detecting, removing, and preventing fake accounts. For example, the platform may
use machine learning to detect fake accounts based on user attributes and behaviors. Such detection
can be used to prevent new fake accounts and remove existing ones. It may also deploy technologies
such as reCAPTCHA to make it harder to register and operate fake accounts in automated ways.
The platform incurs a cost of 2d* (y > 0) for its anti-fake effort. The quadratic functional form
reflects diminishing returns of such anti-fake effort.

The platform’s anti-fake efforts have two effects. First, they increase the wunit price of fake
accounts py, which is given by:

1
Dy =Dpo+ ?d (1)
2 For instance, Facebook/Instagram builds a “Creator Marketplace” to match influencers and brands with a project.
It enables influencers to set up profiles, get discovered by brands with a good fit, and negotiate the content details

for products/services. The influencer needs to clearly label the content of the product with a tag indicating the
partnership with a brand and gets paid when sharing the content of products/services with her followers.



where py is the base price of fake accounts and 7 (1 >7 > 0) is the anti-fake technology level. The
base price of fake accounts reflects the expenses associated with operating a basic fake account.
These costs may be influenced by factors such as the time, effort, and technologies used for creating
and maintaining such accounts, as well as the legal risk faced by fake account operators. The
anti-fake technology level reflects the effectiveness of current anti-fake technology, which may be
understood as the accuracy of machine learning algorithms for detecting fake accounts and the
discriminative power of anti-fake tools like reCAPTCHA. This formulation captures the notion that
both anti-fake efforts and more effective anti-fake technology can make it more costly to operate
fake accounts.

Second, the platform’s anti-fake efforts increase the nuisance costs for legitimate users. For exam-
ple, heightened anti-fake efforts may result in legitimate users answering reCAPTCHA questions
more frequently and more likely being misclassified as fake accounts. In general, we assume a

consumer incurs a cost ¢ from following the influencer:

c=co+ca(l—1)d (2)

where ¢y is the opportunity cost of time and ¢; (1 —7)d is the nuisance cost imposed by the
platform’s anti-fake efforts. By this formulation, as the level of anti-fake technology 7 increases,
consumers’ nuisance cost decreases (e.g., they are less likely mistaken as fake accounts).

We assume the platform maximizes a weighted sum of its profit m, and consumer welfare U:

I, =(1-w)m,+wU, wel0,1] (3)

where the parameter w measures the platform’s consumer orientation. If w =0, the platform is
purely profit-driven. As w increases, the platform becomes more consumer-oriented. Literature
shows that firms have goals beyond profit-seeking, such as social responsibility goals (Lankoski and

Smith 2018).

3.2. The Influencer

The influencer can be realized as one of the two types: H-type and L-type, with content qualities
gu and qr, (qu > qr), respectively. The probability of the influencer being the H-type is p. For
simplicity, we assume the influencer produces one unit of content. Following prior literature (Shin
2017), we normalize the cost of producing the content to zero. The influencer chooses the number

of fake accounts x to maximize its profit m; (which we will define shortly).



3.3. Consumers
There is a unit mass of risk-neutral consumers. Each consumer decides whether to follow the

influencer.®> A consumer’s utility from following an influencer is given by:
u(0,q) =0q—c (4)

where q is the quality of the content, 6 is the consumer’s valuation for quality, and c is the cost as
defined in (2). We assume 6 is random and uniformly distributed on [0, 1].

We further assume that some consumers are better informed than others. For simplicity, we
assume a proportion [ of consumers are informed — they know the influencer’s true quality. * Such
consumers tend to have extensive experience with social media and a stronger ability to tell an
influencer’s quality. The remaining consumers are uninformed — they only know the distribution of
the influencer’s quality but can observe the influencer’s existing followers and form an updated belief
about the influencer’s quality.® Our assumption of uninformed consumers using the influencer’s
followers to infer quality is supported by prior empirical findings. For example, research shows
consumers perceived the influencers with a higher number of followers as being more attractive
(Jin and Phua 2014), trustworthy (Jin and Phua 2014), and likable (De Veirman et al. 2017).

We interpret the proportion of informed consumers [ as the level of social media literacy — the
higher the social media literacy, the more consumers are informed and unaffected by fake-account-

based manipulations.

3.4. Advertiser

There is one representative advertiser.® The advertiser promotes her brand by asking the influencer
to share a sponsored post or a product endorsement among the influencer’s followers. The advertiser
derives a unit revenue p from advertising to a real consumer. The advertiser could be one of the two
types: informed and uninformed. For simplicity, we assume the probability of the advertiser being
informed is also [ — the same as the proportion of informed consumers. We conduct an analysis
with a more general specification in which the advertiser can be informed with a higher probability,
and our findings are consistent.

The influencer’s type, consumer valuation #, and the advertiser’s type are all private information.

3 Although we use the term “follow” here, the decision can also be interpreted as a subscription decision or a friendship
request, provided that a positive decision allows the consumer to receive the influencer’s content.

4 The driving force of the model remains the same if the informed consumers were only “imperfectly informed” (i.e.,
they do not know the true quality of the influencer but receive an informative but imperfect signal about it). The
key assumption here is that some consumers are better informed than others.

5 We note that, though we use the number of followers as a quality signal, our model can be generalized to other
quality signals such as the number of likes and the number of comments. This is because, just as an influencer can
purchase fake followers, she can also purchase fake likes/comments generated by fake accounts.

6 We have also explored an alternative scheme where two or more advertisers compete for the ad slot via a sealed-bid
second-price auction, with the auction payment split between the influencer and the platform. The results are quite
similar because the driving forces of the model are still the same, although some analyses become less tractable.
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3.5. Revenue Sharing

The total advertising revenue generated by the system is pF [n,]|, where p is the revenue generated
by advertising to a real consumer and E [n,] is the expected number of real consumers reached.
Consistent with common practice in the influencer marketing industry, we assume this revenue is
shared between the three parties: the influencer, the advertiser, and the platform. Denote \; € (0, 1)
and A\, € (0,1) as the influencer’s and the platform’s shares of revenue, respectively. We denote
Ao =1—X — Ay, A €(0,1) as the advertiser’s share of the revenue. The parameters \; and A, are

exogenously given and reflect the two parties’ relative bargaining power.

Given the revenue sharing scheme, the three parties’ profits are, respectively

T = NpE[n.] —prx (5)
Tp = ApiE [n,] — %dz (6)
Ta = NafbF [N,] (7)

We note that because the advertiser has no cost, she will always participate in the partnership as
long as the platform and the influencer are willing to.

We make the following two assumptions about model parameters. Assumption 1 posits that
consumers with the highest valuation for quality (i.e., 8 = 1) derive positive utility from following
an L-type influencer. Otherwise, the L-type cannot attract any informed followers, and the problem
may degenerate. Assumption 2 ensures that the influencer has a high enough bargaining power so

that she has incentives to participate in the revenue sharing.
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Decision Variables

d The platform’s anti-fake effort.

T The number of fake accounts purchased by the influencer.

Nins Mun The number of informed, uninformed consumers that follow the influencer,
respectively.

Ng, N The number of early and total followers (including both real and fake
accounts) of the influencer, respectively.

N ias B[N ua), The expected number of real followers facing an informed, uninformed, and

E[n,] average advertiser, respectively.

Parameters

Co A consumer’s opportunity cost.

) The nuisance cost coefficient.

[ The proportion of informed consumers and the probability of the advertiser
being informed (also the level of social media literacy).

Pyg, Do The unit price and base price of fake accounts, respectively.

qu,qL The H-type and L-type influencer’s content quality, respectively.

5 The cost coefficient for the platform’s anti-fake effort.

0€0,1] Consumers’ valuation for the influencer’s content quality.

Aiy Apy Ag The bargaining power of the influencer, the platform, and the advertiser,
respectively.

I The revenue generated by advertising to a real consumer.

p The probability of drawing an H-type influencer.

T€[0,1) The platform’s anti-fake technology level.

w e [0,1] The platform’s consumer orientation.

Outcome Variables

U; Consumer #’s expected utility.

U Consumer welfare.

Tas Tiy Tp The expected profit of the advertiser, the influencer, and the platform,
respectively.

IL, The platform’s expected utility: a weighted sum of its profit and consumer
welfare.

Table 1 Notation

3.6. Game Timeline
The timeline of the game is as follows. At time 1, the platform decides its anti-fake effort, d. Then,
Nature draws the influencer’s type, the consumers’ valuation for quality 6, and the advertiser’s
type. At time 2, informed consumers decide whether to follow the influencer and the influencer
decides the number of fake accounts x to buy. Now, the influencer has ns early followers, which
include n,, informed consumers and x fake accounts. At time 3, uninformed consumers observe
the influencer’s early followers n, and decide whether to follow. After the uninformed consumers’
decisions, the influencer has n total followers, which include n, early followers and n,, uninformed
consumers. At time 4, the advertiser observes the total follower count n, advertises through the
influencer, and makes payments to the influencer and the platform accordingly.

This game timeline captures a few key aspects of different stakeholders’ decision environments

and the main effects of their decisions. First, we assume informed consumers make their following
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decisions before uninformed ones. This is because uninformed consumers rely on the influencer’s
follower count to infer her quality, and thus it is natural for them to wait for informed consumers’
decisions. Second, we assume the influencer purchases fake accounts before uninformed consumers
make their decisions. This is to ensure the influencer has a chance to influence their following
decisions. Third, we assume the influencer’s fake-account purchase and the informed consumers’
following decisions occur simultaneously because these decisions are independent of each other,
and the model would remain the same if they occur sequentially. Fourth, we assume the platform’s
anti-fake effort occurs before the influencer’s fake-account purchase. This ensures the former can
influence the price of fake accounts. It also captures the notion that for a fake account to work,
it must survive the platform’s anti-fake effort. Finally, we assume that the advertiser moves last
because advertisers often begin to advertise with an influencer when she is popular enough, at

which point the influencer has already accumulated followers.

4. Equilibrium Analysis

4.1. Preliminaries

Given the consumer utility (4), the number of informed followers for the t-type influencer is:

nﬁn:l<1—qct>,te{H,L}. (8)

It is easy to see that the H-type has more informed followers than the L-type (i.e., nfl >nk ).

At time 3, the number of uninformed consumers following the t-type influencer is

nl =(1-1) <1—M>,te{H,L}. (9)

where nl is the number of early followers for the t-type, FE [g|nb] = Pr(H|nb)qx + Pr(L|nk)qr
is the expected quality of the influencer conditional on the number of early followers nk, and
Pr(t|-),t € {H, L} is the conditional probability of the influencer being the t-type.

At time 4, an informed advertiser knows the influencer’s type and can correctly anticipate the

number of real followers, which is

n

tia=nt +n' ~te{H L} (10)

ria un?

An uninformed advertiser forms an expectation of the number of real followers:
Elny,ua) = Pr (H|n) (nf, +ni,) +Pr(Lln) (ng, +ny,) (11)

where Pr (f|n) is the probability of the influencer being ¢-type, conditional on the number of total
followers n. Therefore, from the perspective of an t-type influencer, the expected number of real

followers that the advertiser would pay for is

Enl]=In!

%0

+ (1 _l>E[nr,u(z] (12)
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4.2. Influencer’s Equilibrium Decision

The game between the influencer, consumers, and the advertiser is a variation of the signaling game
where the influencer attempts to signal her type to both uninformed consumers and advertiser.
Because the number of total followers carries the same information as the number of early followers,”
without loss of generality, we use the number of early followers as a signal for both uninformed
consumers and advertiser.

A strategy profile of this game can be stated as (nf,nk), i.e., the number of early followers
for the H- and L-type influencers, respectively. It can be equivalently stated as (xg,xr), i.e., the
number of fake accounts purchased, given that n} =n}, +x, (t € {H,L}). Following the signaling
game literature, we classify the equilibria as pooling and separating equilibria. If the number of
early followers is the same for the two types of influencers, it is a pooling equilibrium; otherwise,
it is a separating equilibrium. We further classify the separating equilibrium into two kinds: (a) a
naturally-separating equilibrium where neither type of influencer purchases fake accounts and (b) a
costly-separating equilibrium where at least one type purchases fake accounts. A similar distinction
has been made by Guo et al. (2017) in the context of corporate social responsibility.

The signaling game tends to have multiple Perfect Bayesian Equilibria (PBEs). A common
way to refine the equilibrium is the undefeated equilibrium refinement proposed by Mailath et al.
(1993). One benefit of the undefeated refinement is to avoid the global consistency issue associated
with the intuitive criterion (Mailath et al. 1993), another popular refinement strategy. Moreover,
undefeated refinement also tends to select a unique PBE in signaling games. Therefore, we adopt
the undefeated refinement in this research. ®

In the following subsections, we first apply the undefeated refinement within each equilibrium
type to obtain a locally-undefeated equilibrium and then apply it across equilibrium types to obtain

the globally-undefeated equilibrium.

4.2.1. Pooling Equilibrium In the pooling equilibrium, H-type and L-type have the same
number of early followers. We obtain a range of pooling PBEs with different levels of early followers.
However, all higher-level pooling equilibria are defeated by the lowest-level one. The latter is the

only locally-undefeated pooling equilibrium as stated in the following lemma.

"To see this, note that if an H-type influencer has more (the same, fewer) early followers, she will also have more
(the same, fewer) total followers.

8 In our context, an undefeated equilibrium requires that if an off-equilibrium action in the equilibrium is played by
an t-type (t € {H, L}) influencer in an alternative equilibrium and both types are better off (at least one type is
strictly better off) in the alternative equilibrium, then the belief for the off-equilibrium action in the focal equilibrium
should be identical to the belief for the same action under the alternative equilibrium. If the equilibrium fails to hold
under such an off-equilibrium belief, we say the equilibrium is defeated by the alternative equilibrium.
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LEMMA 1. (Pooling) A strategy profile (nf ,nk)=(nk n!) with the supporting beliefs

in?

0, if ng <nk
P(H|ny) = { p, if no =nf
p€[0,5,], ifnll <ny<ms

18 the unique locally-undefeated pooling equilibrium if and only if:

d<(1—=7)(m—po)=ds (13)

where B, € [p,1] and 75°”" are given in Appendiz A.1 and ny = A\ (1 —1) [M —i-p} )

IElq)(qm—aL)
Lemma 1 describes an equilibrium where the L-type purchases fake accounts while the H-type
does not. In this equilibrium, the L-type purchases fake accounts to mimic the H-type’s in early
followers so that they look identical to uninformed consumers and the uninformed advertiser. We

call such purchasing offensive purchasing. Specifically, L-type’s offensive purchasing x'zo"l is:

pool __ H L
Ty =Ny — Ny

(14)

The equilibrium belief holds that anyone who deviates to a lower follower count n, < ni (achiev-
able only by an L-type) must be an L-type, whereas anyone who deviates to a higher follower
count ny > nil is deemed as an H-type with probability p € [0,p,]. The belief p is capped because
an overly favorable belief would make deviations to higher follower counts profitable.

Condition (13) is derived from the L-type’s incentive compatibility (IC) condition, ensuring that

the L-type has no incentive to deviate. To understand this condition, we rewrite (13) as
=po+ ! d< (15)
Py =Do 1—_,%= M-

The left-hand side is the unit price of fake accounts, and the right-hand side can be interpreted
as the revenue gain per fake account for the L-type to stay in the pooling equilibrium, compared

with purchasing nothing and being treated as an L-type, her best alternative.

4.2.2. Separating Equilibrium We describe the costly-separating and naturally-separating

equilibrium schemes in the next two lemmas.

LEMMA 2. (costly-separating) A strategy profile (nk ,nk) = (n5"" nk) with the support beliefs
0, if ng <nlt
€[0,p,) if nll <ny <ny’”
P (H‘ng) _ p [ 7])2) Zf Nin > Tife Ty
1 if no =mng"?

pe0,1], if ng*? <ny <my?

18 the unique locally-undefeated costly-separating equilibrium if and only if:

d<(1—=7)(n2—po) =d> (16)
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—csep

where 15" is defined in Appendiz A.2, no = %)‘iu (1-1%), and
1
noser — ]7/\1_” [(1 —1) (nﬁl — nan) + (nan — nﬁn)] +n,»Ln (17)
f
dl < d2 (18)

Lemma 2 describes an equilibrium where the H-type purchases fake accounts to deter the L-type
from mimicking. We call such purchasing defensive purchasing. Condition (16) is derived from the
IC condition for the L-type, which ensures that the L-type will mimic the H-type if the latter

purchases nothing. To further understand this condition, we rewrite it as
—pot ——d< (19)
pr=pot——d <.

The left-hand side is the unit price of fake accounts, and the right-hand side 7, can be interpreted
as the revenue gain per fake account for the L-type to deviate from not buying to buying. By
ensuring the L-type will deviate when the H-type buys nothing, we expect the H-type to purchase
to maintain the separating equilibrium.
The H-type’s equilibrium defensive purchase
Dy qr  4qm

is the difference between her number of informed followers and the highest follower count the L-type
is willing to mimic. The term i — i is the gap between the H-type and the L-type’s real-follower
counts under the separating equilibrium. An L-type’s gain from mimicking a non-purchasing H-
type is A;u (1 —[?) times this gap, noting that A;u (1 —?) is the influencer’s share of the advertising
revenue per consumer. The L-type’s cost of mimicking is p;l times the gap, noting that she only

csep

needs to fill the gap in the informed followers, which is [ proportion of all real followers. x%*" is
chosen such that L-type is break-even after having to purchase 2% additional fake accounts.
The fact that H-type may purchase fake accounts in equilibrium is interesting in light of the
literature’s nearly exclusive focus on the L-type’s deceptive behaviors (Piccolo et al. 2018, Chen
and Papanastasiou 2021). In our study, the H-type may also buy fake accounts to deter the L-type’s
mimicry, even doing so will not fool the advertiser. Lemma 2 highlights that the H-type influencer
may buy fake accounts not to deceive but to establish their superiority. This finding is consistent

with the casual observation that high-status influencers frequently purchase fake accounts, as seen

in the Devumi case (Mekuli 2021).

LEMMA 3. (naturally-separating) A strategy profile (nf nk) = (nf nk) with the support beliefs
0, if ng <nfl
P(H|TL2): 1, anQZ'flﬁ

pe0,p,], ifny>nlt
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is the unique locally-undefeated naturally-separating equilibrium if and only if:
d>(1=7)(n2—po) =do (21)

where P, is defined in Appendiz A.3.

Lemma 3 states that the two types will separate naturally when condition (21) holds, meaning
the highest early-follower count that the L-type can match is smaller than the H-type’s informed
followers. In other words, the L-type cannot afford to mimic a non-purchasing H-type.

When the base price of fake accounts pq is higher than 7, condition (21) holds regardless of d —
natural separation occurs even if anti-fake effort is zero. This extreme case seems unrealistic given

the prevalence of fake accounts. To rule out such an extreme case, we assume:
ASSUMPTION 3. pg < 1o

4.2.3. Globally Undefeated Equilibrium We note that the pooling, costly-separating, and
naturally-separating equilibria may co-exist. The following lemma summarizes the defeating rela-

tionship among these equilibria.

LEMMA 4. Given d <d; (so the pooling equilibrium ezists), (a) the pooling equilibrium coexists
with and defeats the costly-separating equilibrium, (b) the pooling equilibrium cannot coexist with

the naturally-separating equilibrium.

Lemma 4 suggests that the pooling equilibrium may coexist with the costly-separating equilibrium

but always defeats it. The next proposition describes the globally-undefeated equilibrium.

Proposition 1 a. (No-pool) If d; <0, the unique globally-undefeated equilibrium is:

m

At

n? Yin

{(ngsepv nk), if d<d, (costly-separating)

(n otherwise  (naturally-separating)

b. (All-eqm) If d; > 0, the unique globally-undefeated equilibrium is:

(nisnin), if d<d (pooling)
(ng™®P mk), if dy<d<d, (costly-separating)
(nH nl)y if d>d, (naturally-separating)

Proposition 1 suggests that the pooling equilibrium cannot exist when the fake-account base
price pg is relatively high (such that d; <0) (Case No-pool). In such a case, when the anti-fake
effort d is relatively low, a costly-separating equilibrium prevails; otherwise, a naturally-separating
equilibrium would prevail. Figure 3(a) illustrates such a case: with a relatively high fake-account
base price pg, as the anti-fake effort increases, the equilibrium regime transitions from costly-

separating to naturally-separating. When the fake-account base price py is relatively low, such that
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Figure 3 lllustration of the Equilibrium Regime Transitions

d; > 0, Figure 3(b) illustrates such a case (Case All-eqm): the equilibrium transitions from pooling
to costly-separating, and then to naturally-separating as the anti-fake effort increases.
Proposition 1 and the preceding lemmas suggest that the influencer’s equilibrium fake-account
purchasing behavior is discontinuous. Specifically, as the equilibrium transitions from pooling to
costly separating, the L-type’s offensive purchasing first increases and then suddenly drops to zero.
The H-type’s defensive purchasing first stays at zero and then suddenly jumps to a very high level.

Such “rugged” equilibrium behaviors are further illustrated in the next subsection (e.g., Figure 4).

4.3. Comparative Statics
Next, we conduct a set of comparative statistics on how the equilibrium fake-account purchasing

changes with the underlying parameters under different equilibrium regimes.

Proposition 2 Under the pooling equilibrium, the L-type’s offensive purchase :U’iooz

a. increases in the platform’s anti-fake effort d and the social media literacy l,
b. decreases in the anti-fake technology level 7 and quality ratio R, and

c. s unaffected by the fake-account base price py or the influencer’s bargaining power \;.

The intuition for Proposition 2 is as follows. As the anti-fake effort increases or the technology level
decreases, the consumer nuisance cost increases, causing more informed consumers to drop out. The
L-type loses informed consumers more quickly than the H-type,” implying the gap between the
two types’ informed followers increases. Consequently, the L-type must buy more fake accounts to

% This is because informed followers have lower valuations for the L-type’s content and thus are more likely to drop
out when the influencer is the L-type (see Equation (8)).
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Figure 4 Impact of anti-fake effort on the number of fake accounts

stay in the pooling equilibrium. This is illustrated in Figure 4 (the pooling regions). The intuition
for the effect of social media literacy [ is similar: increasing social media literacy leads to more
informed followers for both types of influencers and also enlarges the gap between the two types’
informed followers, which forces the L-type to buy more to stay in the equilibrium. Increasing
the anti-fake technology level decreases the consumers’ nuisance cost and shrinks the gap between
the two types’ informed followers. Increasing the quality ratio R reduces the quality gap between
the two types, as a result, the gap between the two types’ informed followers. Consequently, the
L-type needs fewer fake accounts to stay in the equilibrium. Finally, the number of fake accounts
and the influencer’s share of advertising revenue doesn’t affect the gap between the two types’
informed followers. Therefore, the L-type’s purchase is unaffected by the fake-account base price

or the influencer’s bargaining power.

csep

Proposition 3 Under the costly-separating equilibrium, the H-type’s defensive purchase x;
a. decreases in social media literacy l, fake-account base price pg, quality ratio R, and anti-fake
technology level T,
b. increases in the influencer’s bargaining power \;, and
c. decreases in d if the following condition holds; otherwise, first increases then decreases in d.

2 Aipn(1=1%) ¢
al=r)< po [Aip (1 =12) = pol] 22

The intuition for Proposition 3 is as follows. As seen from Equation (20), H-type’s defensive pur-

chasing is the highest number of informed followers the L-type is willing to mimic. Furthermore,

x5 P increases in the L-type’s net gain from mimicry [A\ju (1 —1%) —pyl] (i - i) and decreases

in the price of fake accounts p;. The former is determined further by the gap between the L-
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and H-type’s followers (i — é) and the L-type’s marginal gain per follower from mimicry
[Aipn (1 —1?) — pyl]. Increasing social media literacy [ decreases the marginal gain from mimicry (as
there will be fewer uninformed consumers), and causes defensive purchasing to decrease. Increas-
ing the fake-account base price py decreases L-type’s marginal gain from mimicry and increases
the fake-account price. Both effects lead to decreased defensive purchasing. Increasing the quality
ratio qr/qu reduces the gap between the two types’ followers and L-type’s marginal gain from
mimicry, and thus decreases the H-type’s purchasing. Increasing the anti-fake technology level 7
decreases the consumers’ nuisance cost ¢, and thus the gap between the two type’s followers; it
also increases the price of fake accounts p;. Both reduced follower gap and increased price lead
to decreased defensive purchasing. Increasing the influencer’s bargaining power A; increases the
L-type’s marginal gain per follower, and thus the H-type’s defensive purchasing.

Increasing the anti-fake effort d can produce countervailing effects. As d increases, both the
unit price of fake accounts p; and the consumers’ nuisance cost ¢ increase. The former (the
“higher-fake-account-price” effect) reduces defensive purchasing, with a negative marginal effect
of m; = —i/w(;%ﬂ)%c. The latter (the “higher-nuisance-cost” effect) increases the L-type’s
marginal gain froJ;n mimicry and thus increases defensive purchasing, with a positive marginal
) /\m(l;l;)fpf : q;;H—quL_ As d increases, fake-account price p; increases, and the
higher-nuisance-cost effect my — 0. Therefore, as d increases, the negative effect m, will dominate

effect of mo=c; (1 —7

eventually, causing defensive purchasing to decrease. When the technology level T is relatively high
such that (22) holds, the negative effect m; always dominates the positive effect ms, even for a low
anti-fake effort. In such a case, the defense purchasing monotonically decreases, as illustrated in
Figure 4(a) (the “costly-separating” region). Otherwise, the positive effect dominates for low d but
not for high d, causing the defensive purchasing to first increase and then decrease, as illustrated
in Figure 4 (b) (the “costly-separating” region).'°

Figure 5 illustrates the impact of social media literacy and technology level. In panel (a), the
L-type’s offensive purchasing (in the pooling region) increases in social media literacy, as predicted
by Proposition 2, whereas the H-type’s defensive purchasing (costly-separating) decreases, as pre-
dicted by Proposition 3. Panel (b) shows that increasing the anti-fake technology level can reduce

both offensive and defensive fake-account purchasing in their respective equilibrium regions.

5. Anti-Fake Effort and Consumer Welfare

We now turn our attention to the relationship between the platform’s anti-fake effort and consumer
welfare. We let UP°°! (d) , U (d), and U"*°P (d) denote consumer welfare under each equilibrium
10 As we normalize the number of consumers to a unit mass, the number of fake accounts in the figures (i.e., shown

on the vertical axis) should be interpreted relatively. For instance, if the number of fake accounts is 0.03, we infer
that there are 30 fake accounts per 1,000 consumers.
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Equilibrium | Consumers prefer Consumer- Condition
type optimal effort d“
No-pool costly-separating 0 -
All-eqm pooling 0 Ureol(0) > U (d,)
4 costly-separating d, Ureot(0) < U (dy)

Table 2 Consumer-optimal anti-fake effort and equilibrium type

type, provided that the effort d sustains the equilibrium. The following lemma establishes the effect

of anti-fake efforts on consumer welfare:
LEMMA 5. UP°' (d), U (d), and U™ (d) monotonically decrease with anti-fake effort d.

Intuitively, under each equilibrium type, increasing the anti-fake effort would not impact consumers’
inference of influencer quality but increase their nuisance costs, which is welfare-reducing. Lemma
5 implies that consumers always prefer a costly-separating equilibrium to a naturally-separating
one because the two equilibria provide the same information about influencer quality but the latter
imposes a higher nuisance cost.

Lemma 5 does not imply, however, that consumers would always prefer zero anti-fake effort.
To see this, we note that, holding the nuisance cost constant, informed consumers are indifferent
between equilibrium types but uninformed ones prefer a separating equilibrium because it leads to
better following decisions. When the benefit of separation outweighs the increase in nuisance costs,

consumers, as a whole, may prefer a separating equilibrium.

LEMMA 6. Consumers’ preference for equilibrium types and anti-fake effort d° is summarized

in Table 2.

As seen from Table 2, when the pooling equilibrium is unavailable (No-pool), consumers prefer

the costly-separating equilibrium with zero anti-fake effort. When all three equilibria are available
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Equilibrium | Platform prefers | Platform-optimal Condition
type effort d*
No-pool costly-separating 0 -
. pooling 0 I17°°1 (0) > II5°°P (d; )
All-eqm costly-separating d, 11207 (0) < II°°P (dy)

Table 3 Platform-optimal anti-fake effort and equilibrium type

(All-eqm), they may prefer the pooling with zero anti-fake effort or the costly-separating equilibrium

with minimum anti-fake effort d;. The conditions for different cases are provided in the proof.

6. The Platform’s Optimal Strategy

Having examined consumers’ preferred anti-fake effort, we now turn to the platform’s.

6.1. The Platform’s Optimal Anti-Fake Effort
We denote 2 (d),n¢*? (d), and 7*” (d) as the platform’s profit under the pooling, costly-
separating, and naturally-separating equilibrium, respectively, provided that the chosen d sustains

the equilibrium. Lemma 7 summarizes how the platform profit changes with the anti-fake effort.

LEMMA 7. 72 (d), 75°°P (d), and w*°? (d) decrease in d.

The intuition behind Lemma 7 is as follows. In general, within each equilibrium type, increasing the
anti-fake effort affects the platform’s profit in two ways: First, it increases consumer nuisance costs,
reducing the number of participating consumers. This consumer-inconvenience effect negatively
affects the total advertising revenue and, thus, the platform’s revenue share. Second, the platform

incurs a higher cost for its anti-fake effort. Both effects reduce the platform’s profitability.

LEMMA 8. a. (No-pool) If d; <0, 5*? (0) > 7)*P (ds)
b. (All-eqm) If dy >0, (1) 72 (0) > 7&*? (dy) and (2) w&*P (dy) > 7P (dy).

To see Lemma 8 (b.1), we first note that the number of uninformed followers is a concave function
of the expected quality of the influencer. Consequently, the number of uninformed followers under
the pooling equilibrium — for an influencer with mean quality — is higher than the expected number
of uninformed followers under a separating equilibrium — which is the average number of followers
between an H- and an L-type influencers. Therefore, the advertising revenue (and the platform’s
share) is higher under a pooling equilibrium. This, together with the observation that the platform
incurs an anti-fake cost under the separating equilibrium, suggests that the platform’s profit is
higher under the pooling equilibrium than under the separating one.

To see Lemma 8 (a) and (b.2), we note that the two separating equilibria provide the same
information about influencer quality but the naturally-separating equilibrium mandates a higher

anti-fake effort, which results in fewer participating consumers and a lower revenue.
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Impact on consumer welfare

Parameters ) ©) @)
Pooling Costly-separating | Costly-separating
with d* =0 with d* =0 with d* >0
Social media literacy T = T
Fake-account base price = = T
Anti-fake technology level = = T

Table 4  Comparative statistics for consumer welfare with platform-optimal anti-fake effort

Proposition 4 The platform’s optimal anti-fake effort and the associated equilibrium type are
summarized in Table 3. Specifically, (a) a purely profit-driven platform (i.e., w =0) optimally
chooses zero anti-fake effort, whereas (b) a consumer-oriented platform (w > 0) may optimally

choose a positive anti-fake effort to induce the costly-separating equilibrium.

Proposition 4 (a) suggests that a purely profit-driven platform always chooses zero anti-fake
effort. This is because, according to Lemma 8, its profit is maximized under the pooling equilibrium
which requires no anti-fake effort. Proposition 4 (b) suggests a more consumer-oriented platform
may prefer a separating equilibrium. This is because such an equilibrium may yield higher consumer

welfare, which the platform values.

6.2. Comparative Statics
In this subsection, we examine the impact of three model parameters: social media literacy, fake-
account base price, and anti-fake technology level. We focus on these parameters because they hold

strong managerial implications.

6.2.1. Comparative Statics on Consumer Welfare

Proposition 5 The impact of parameters on consumer welfare is given in Table 4. Specifically,
increasing social media literacy, fake-account base price, and anti-fake techmology level weakly

improve consumer welfare.

Consumer welfare loss comes from two sources: the nuisance cost of anti-fake efforts and sub-
optimal following decisions by uninformed consumers under the pooling equilibrium (or cost of
pooling). Under the pooling equilibrium (Table 4, case 1), increasing social media literacy will
reduce the cost of pooling because there are fewer uninformed consumers. Increasing fake-account
base price and anti-fake technology does not affect the cost of pooling or consumer welfare. Under
the costly-separating equilibrium with zero anti-fake effort (case 2), as the influencers are already
separated and there is no nuisance cost from the anti-fake effort, neither parameter has any impact
on consumer welfare. Finally, under the costly-separating equilibrium with positive anti-fake effort

(case 3), there is no cost of pooling, but the nuisance cost from the anti-fake effort decreases in
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Figure 6 Impact of social media literacy on the platform

social media literacy, fake-account base price, and anti-fake technology; thus, consumer welfare
increases in these parameters.

Next, we examine how each parameter affects the platform’s anti-fake effort, profit, and utility.
We rely on numeric methods for these analyses because the boundary conditions outlined by
Proposition 4 are not analytically tractable. We note that while the patterns we report in the next
subsections are illustrated using a specific set of model parameters, they are fairly representative
when we conduct robustness checks by systematically varying model parameters (available upon

request).

6.2.2. Social Media Literacy Figure 6 illustrates the effect of social media literacy (I) on
the platform’s optimal effort, profit, and utility. Panel (a) shows that when [ is moderate, a more
consumer-oriented platform may optimally induce a costly-separating equilibrium with positive
anti-fake effort, whereas a more profit-focused platform may prefer a pooling equilibrium with zero

anti-fake effort. The higher the [ is, the lower the minimum consumer orientation required for the
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separating equilibrium, indicating that the platform is more likely to exert anti-fake effort. When
[ is low enough, consumer welfare is higher under the pooling equilibrium so that even the most
consumer-oriented platform would prefer the pooling equilibrium. When [ reaches a high level (>
0.355 in this example), the pooling equilibrium no longer exists, and the platform optimally induces
a costly-separating equilibrium with zero anti-fake effort, regardless of its consumer orientation.

Figure 6(b) further confirms that the platform’s anti-fake effort may not be monotonic in social
media literacy; a consumer-oriented platform may prefer zero anti-fake effort when social media
literacy is low or very high. Furthermore, when the platform does exert a positive anti-fake effort, its
effort level decreases as social media literacy increases, suggesting social media literacy education
can substitute for the platform’s anti-fake effort. The figure also shows that the platform’s profit
is the highest with zero social media literacy.!!

Panels (c) and (d) show that the platform’s preferred social media literacy depends on its con-
sumer orientation. Recalling that consumer welfare increases with social media literacy, when the
platform is highly consumer-oriented, it has sufficient concern for consumer welfare that it may
benefit from a higher social media literacy, as shown in Panel (c). Conversely, a more profit-focused

platform may prefer a lower social media literacy, as illustrated in Panel (d).

6.2.3. Fake-account Base Price Our findings about the effect of fake-account base price
are similar to those about social media literacy (See Figure 8 of Appendix A.15). In particular, (1)
when the fake-account base price is relatively low, a more profit-driven platform would not invest
in any anti-fake efforts but a more consumer-oriented platform may. (2) When the fake-account
base price is high enough, pooling equilibrium no longer exists, and the platform optimally chooses
a costly-separating equilibrium with zero anti-fake effort, regardless of its consumer orientation.
(3) The platform may prefer a lower fake-account base price when it is more profit-focused; the

reverse may be true when it is sufficiently consumer-oriented.

6.2.4. Anti-Fake Technology Level Figure 7 illustrates the effect of the anti-fake technology
level. Panel (a) shows that as the technology level increases, the minimum consumer orientation
to sustain a separating equilibrium decreases, suggesting that better anti-fake technology makes
anti-fake efforts more likely. Panel (b) also shows that the platform is unresponsive to changes
in anti-fake technology under a pooling equilibrium, regardless of its consumer orientation. When
the technology level is high enough, a consumer-oriented platform may prefer a costly-separating
equilibrium. In such a case, further improvements in the anti-fake technology would increase the
platform’s utility and profitability and reduce its anti-fake effort (not plotted). Overall, the platform
weakly benefits from better anti-fake technology.

1 This finding is robust with different model parameters, including different values of consumer orientation w.
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Figure 7 Impact of anti-fake technology on the platform’s optimal anti-fake effort and profit

Platform | Consumer
optima optima
Scenario | Eqm | d* | Eqm | d® | Conditions

No-pool |1| csep | O csep | O |-
2| pool | 0 | pool | O [UP(d;)<UP(0)

All-eqm [ 3| pool [ 0 [ csep | di |U(dy)>UP(0) & I12°° (0) > TI2°P (dy)
4] csep | di | csep | di [U*P(dy)> U (0) & 1127 (0) <TI*°7 (d,)

Table 5  Consumer-optimal anti-fake effort d° versus platform-optimal d*

6.3. Comparing Platform and Consumer Optima
Proposition 6 The relationship between the platform- and consumer optima is given in Table 5.

In general, the platform exerts weakly less anti-fake effort than what is optimal for consumers.

As seen from Table 5, in some cases (1, 2, and 4), the platform’s optimal anti-fake effort is the
same as the consumer’s. Among these, case 4 exists only when the platform is sufficiently consumer-
oriented. In case 3, the platform’s optimal anti-fake effort is less than the consumers’. Such a case is
more likely when the platform is more profit-driven. In such a case, consumers prefer a separating
equilibrium with positive anti-fake effort, whereas the platform prefers a pooling equilibrium with

zero anti-fake effort.

7. Extensions
7.1. Three Types of Influencers

Our main model assumes only two types of influencers. One may wonder whether our insights
are generalizable to more influencer types. To address this issue, we extend our model to three
influencer types. Specifically, we assume an influencer’s quality is drawn randomly from three

levels, qr. < qu < qu, with probabilities pr,par, and pg (pg =1 — par — pr), respectively. The
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following proposition summarizes the equilibrium types and fake-account purchasing patterns in

this extended model.

Proposition 7 With three influencer types, the unique undefeated equilibrium is given in Table 6

(the corresponding beliefs and conditions are provided in Appendiz B).

Equilibrium Type Notation H-Type M-Type L-Type
Costly Fully Separating | H*|M*|L | 2#(=2) (" =n7) +nk Aip(1-12) (n"—ny) +nk nk,
D m j2 m

Naturally Fully H|M|L . ni? ! nM nk,
Separating

Fully Pooling HM*L* nH nH nf
Hybrid with M-L H|ML* ni? nM nM
pooling

Hybrid with H-M HM*|L nk nH nk
pooling
Note: * denotes fake-account purchasing and “[” denotes separation between the two adjacent influencer types.

Table 6 Undefeated Equilibrium with Three Types of Influencers

As seen from Table 6, the three types of equilibria — pooling, costly separating, and naturally
separating — are preserved and become the fully pooling, costly fully separating, and naturally
separating equilibria, respectively. We also obtain two new “hybrid” equilibrium types where two
types pool and separate from the third type: hybrid with H-M pooling and hybrid with M-L pooling.
Similar to the main model, an influencer may purchase fake accounts defensively (e.g., H- and M-
types purchase fake accounts under the costly fully separating equilibrium) or offensively (e.g., M-
and L-types under the fully pooling equilibrium) in this extended model. Different from the main
model, the M-type’s purchase may be simultaneously defensive and offensive (e.g., Hybrid with
H-M pooling). In addition, under two equilibrium scenarios (i.e., costly fully separating and fully
pooling), two of three influencer types purchase fake accounts. This suggests that the extended
model can capture the case where fake-account purchasing is prevalent and occurs at multiple

levels of influencer quality.

7.2. A Repeated Game

Another potential concern is whether the insights from a one-shot game could be generalized to
a repeated setting. When the game is repeated, some existing consumers may remain, and new
consumers may join. One may expect that, with repetition, consumers, on average, could become
more informed — they may learn the influencer’s quality from prior experience with the influencer
or from prior revelation of the influencer type (by a separate equilibrium); they may also learn

from prior consumers through word of mouth. On the other hand, information asymmetry may
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linger because existing uninformed consumers may remain, and new uninformed consumers may
join. We similarly expect that the information asymmetry encountered by advertisers will gradually
diminish but not disappear immediately. In the following, we use a simplified two-period game
to examine how repetition may impact equilibrium behavior and whether the insights from the
one-shot game can be applied in the repeated setting.

We consider a repeated game where our original game is repeated for another period, with the
influencer type persistent across the two periods. For simplicity, we assume that consumers, fake
accounts, and the advertiser are short-lived (i.e., they live for only one period), and the size of con-
sumers stays constant across two periods. To capture the notion that information asymmetry may
decrease but will not disappear completely, we assume that the proportion of informed consumers

in period 2, l,, is higher than in period 1 (/) and is a function of the equilibrium type in period 1:

9= , where 0sep > 0poor >0

B {l + 0sep =157, if period-1 equilibrium is separating

L+ 6pool = 12°°!if period-1 equilibrium is pooling
We interpret consumers in period 2 as a combination of remaining consumers from period 1 and
newly joined consumers in period 2. We interpret fake accounts in period 2 as a sum of renewed
existing fake accounts and newly purchased fake accounts (if any).

For simplicity, we assume the probability of drawing an informed advertiser in each period is the
same as the proportion of informed consumers (relaxing this does not fundamentally change our
result). Thus, the advertiser also becomes more informed but may not be fully informed in period
2.

We assume no discounting and that the platform’s anti-fake effort remains the same across
the two periods — that is, the platform chooses its effort once at the beginning of period 1. For
simplicity, we also assume that the influencer only considers the short-term impact of her current-
period deviation: i.e., she does not consider any impact of her current-period deviation on the

future period. The following proposition describes the equilibrium types across the two periods.

Proposition 8 a. (No-pool in period 1) If d; <0, the equilibrium types in two periods are:

(costly-separating, costly-separating), if d<d,(I57)
(costly-separating, naturally-separating) , ifdy (I57) <d <d,
(naturally-separating, naturally-separating), if d>d,

b. (All-eqm in period 1) If0<d; <d, (150‘”), the equilibrium types in two periods are:
pooling, pooling) , if d<d| (lgOOZ)
pooling, costly-separating) , if di (ZSOOZ) <d<d,

(
(
(costly-separating, costly-separating), if dy<d<dy(I57)
(costly-separating, naturally-separating) , if dy(157)<d<d,
(

naturally-separating, naturally-separating), if d > d»
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c. (All-eqm in period-1) If d, > d, (l’z’o"l), the equilibrium types in two periods are:

(

(pooling, pooling) , if d<dj (lg""l)

(pooling, costly-separating) , if dy (15" <d<dy (15
(pooling, naturally-separating) , if db (l’;‘“’l) <d<d
(costly-separating, costly-separating) , if di <d<d(l57)
(costly-separating, naturally-separating) , if dy(I57)<d<d,
(naturally-separating, naturally-separating), if d>d,

where dy (-) and d, () are defined similarly as d; and dy (See Appendiz C for details).

Proposition 8 shows that, given the platform’s anti-fake effort in period 1, the equilibrium
may stay the same in period 2 or transition to a more “advanced” equilibrium (i.e., pooling —
costly-separating, pooling — naturally-separating, or costly-separating — naturally-separating).
Therefore, the separating (pooling) equilibrium could become more (less) prevalent in the long run,
which is a result of reduced information asymmetry.

An influencer may purchase fake accounts in both periods (e.g., the L-type under (pooling,
pooling)), just one (e.g., the L-type under (pooling, costly-separating)), or none (e.g., the L-type
under (costly-separating, costly-separating)). In the case of (pooling, pooling), the L-type would
purchase more fake accounts in period 2 according to Proposition 2, noting that I, > [. In the case of
(costly-separating, costly-separating), the H-type would purchase fewer in period 2 by Proposition
3. In general, our one-short game corresponds to a stage game in the repeated setting; consequently,
our earlier insights into different equilibrium types can be leveraged to understand how the system

will evolve in the repeated setting.

8. Discussion and Conclusion

Motivated by the prevalence of social media fake accounts in the influencer economy and a lack
of understanding of this phenomenon, we study a fake account model in which influencers can
purchase fake accounts to make them appear more popular to consumers and advertisers, whereas
the social platform can mount an anti-fake effort that increases the cost of fake accounts while also
increasing the nuisance cost of consumers. We use this model to study the influencer’s equilibrium
fake-account purchasing behavior, the platform’s optimal anti-fake effort, consumer welfare, and

how the ecosystem responds to changes in several model parameters.

8.1. Contribution to the literature

Our paper contributes to the literature in three main ways. First, we contribute to the understand-
ing of fake account purchasing behaviors in the influencer economy. We find that not only low-
quality influencers may purchase fake accounts to mimic high-quality influencers, but high-quality

influencers may also purchase fake accounts to separate themselves. The latter type of equilibrium
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has received little attention in the literature on deceptive behaviors, but is practically relevant and
holds important implications for how we view and tackle the problem of fake accounts. We also
show that as the platform’s anti-fake effort increases, the equilibrium regime generally transitions
from a pooling equilibrium, where the low-quality influencer purchases fake accounts to mimic a
high-type influencer, to a costly-separating one, where the high-quality influencer purchases fake
accounts to prevent a pooling equilibrium, and to a naturally-separating one, where the two types
separate without purchasing fake accounts. Interestingly, the system behaves “erratically” in the
sense that the number of fake accounts may increase, even rise sharply in response to increased
anti-fake efforts. For example, the number of fake accounts can increase with the anti-fake effort
before eventually decreasing; it may also jump significantly as the equilibrium regime transitions
from pooling to separating.

Second, we enhance our understanding of how social media platforms may choose their level of
anti-fake efforts and the potential impact of these choices on consumer welfare. We find that a
purely profit-driven platform lacks incentive to implement anti-fake efforts. Even if the platform
becomes more consumer-oriented, it generally exerts less anti-fake effort than what is optimal for
consumers. Consumers may prefer a costly separating equilibrium with a positive anti-fake effort,
whereas a profit-driven platform tends to prefer a pooling equilibrium with zero anti-fake effort.
The misalignment arises because the platform can attract more uninformed followers (resulting
in higher advertising revenue) under a pooling equilibrium than under a separating equilibrium,
whereas consumers may prefer the latter.

Finally, we offer novel insights into the effects of different anti-fake measures. These include
platform-led anti-fake initiatives, improving consumers’ social media literacy, increasing the cost
of fake accounts (e.g., through stronger fake-account laws), and advancing more effective anti-fake
technologies. We show that while positive anti-fake efforts may be necessary for sustaining a sepa-
rating equilibrium, neither the platform nor consumers can benefit from additional anti-fake efforts
beyond what is necessary for sustaining a desired equilibrium. This is because additional anti-fake
efforts increase consumer nuisance costs and may not always reduce information asymmetry about
influencer quality.

Consistent with our findings on the effect of anti-fake effort, the system exhibits “erratic” behav-
ior in response to other anti-fake measures: for example, under the pooling equilibrium, the number
of fake accounts may increase in social media literacy and not respond to changes in the fake-
account base price. Moreover, a profit-focused platform may prefer a lower social media literacy
and a lower fake-account base price, even though consumers can benefit from higher social media
literacy and a higher fake-account base price. In contrast, both consumers and the platform are

weakly better off with better anti-fake technology.
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8.2. Managerial implications

Our findings hold managerial implications for platforms, policymakers, and consumer protection
agencies. For platforms, one important insight from our analyses is that platforms should not
measure the success of their anti-fake efforts using the resulting number of fake accounts. This
is because the equilibrium number of fake accounts may increase and even jump as the platform
exerts more anti-fake efforts, and because fake accounts can also be “beneficial” — high-quality
influencers may also purchase fake accounts to separate themselves. Instead, platforms should focus
on whether their anti-fake effort allows consumers and advertisers to better tell apart high- and
low-quality influencers. The same also holds for policymakers and regulators who hope to measure
the success of their policies and regulations.

Second, the platform should not impose more than necessary anti-fake efforts. Our results show
that additional anti-fake efforts can be costly for both the platform and consumers because of
added nuisance costs and operating costs of anti-fake efforts.

For policymakers and regulators, we show that platforms generally under-invest in anti-fake
efforts at the expense of consumer welfare. This is because anti-fake efforts can expose low-quality
influencers and reduce platforms’ user base. Moreover, profit-focused platforms may lack incen-
tives to promote social media literacy or implement measures that aim to increase fake account
costs, though such measures can increase consumer welfare. In contrast, advancements in anti-fake
technologies can benefit both platforms and consumers. Consequently, policymakers and regulators

should focus on incentivizing platform investments in advancing anti-fake technologies.

8.3. Limitations and future work

As an initial step in understanding the issue of fake accounts and developing coping strategies, we
have specifically examined a type of fake accounts: those created to boost influencers’ popularity.
Our findings may not generalize to other types of fake accounts, such as those created for spreading
scams, malware, and identity theft, or politically motivated fake accounts. Our model assumes
that fake accounts distort consumers’ and advertisers’ perceptions of influencer quality but do not
directly harm them. When fake accounts directly harm consumers, we anticipate that the platform
will have stronger incentives to implement anti-fake measures. However, we also expect that many
of the driving forces outlined in our model will continue to be relevant. Finally, our model follows
the signaling game to assume one representative influencer that can be either low or high quality.

Future research can also extend this model to directly incorporate competition between influencers.
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A. Appendix

A.1. Proof of Lemma 1.

By definition, the two types of influencers under a pooling equilibrium have the same number of

early followers, namely, nZ =nl =n} (n3 >nk). For simplicity, we denote a pooling equilibrium by

the number of early followers n}. Under such a pooling equilibrium, we denote 7;,,, E [q], n?°°!, n!

un ) 'Yraad

nPool “and 7l ! as the expected number of informed followers, the expected quality, the expected

number of uninformed followers, the informed advertiser’s expected number of real followers for ¢-
type influencer (¢ € {H, L}), the uninformed advertiser’s expected number of real followers, and the
influencer’s (type t) expected profit in the pooling equilibrium, respectively. They can be calculated

as

Elq) = pgu+(1—-p)qrL

ot = -0 (1- 577

t .t pool
n - nin + nun

90

23
24
25

26

pool __ pool
nr,ua = Nin + nun
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(
(
(28

)
)
)
)
)
)

WfOOI — lAfL,U:nt + (1 — l) /\ipbnfjjlf,i - pfxfOOI

%0

In the following, we show that (a) there exists a PBE with nj =n!’ and (b) any other PBE with
n3 > n!? is defeated by ni =nf . Finally, we obtain the supporting beliefs for the unique undefeated
equilibrium nj =nf’.
First, we establish that any n} € [nfi,ﬁgo"l] with the following belief is a PBE (we define the
upper bound 75°* in (35)):
R

We can write the equilibrium profits for the two types as

w2 = X [(1=1) pnjh + (1= p+1p) i, + k"] — pyat?” (29)
mir = N [(L+ p=lp)nfl + (1 =1) (1 = p) nf, +nle'] —pyafy” (30)

An H-type who deviates to ni, > n} followers will not gain anything comparing to nj but incur
an additional fake-account cost. Clearly, the H-type is better off with n3, and thus has no incentive
to deviate to n}, >nj. Similarly, the L-type has no incentive to deviate to nj, > n} either.

For the L-type, if she deviates to n), € [nk ,n3), she will be seen as an L-type by both the

m?

advertiser (informed and uninformed) and uninformed consumers. Thus, the influencer’s expected

profit is

dev

mp " (n) = Aipny’ = py (nh —n7,)
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where nt =nl +nk = <1 — %) is the number of real followers, where n’ = (1—1) (1 — i)

Clearly, the L-type is better off with n), =n’ | i.e., not purchasing any fake accounts, resulting in

a profit of w4 (nk) = \;unk.

’LTL

For the H-type, if she deviates to n} € [nf1 n3), she will be seen as an L-type by both the
uninformed advertiser and uninformed consumers, and an H-type by the informed advertiser. Thus,

the influencer’s expected profit is

dev H

7TH ( ) l)\ Mnr ia (1 - l) )\ /’Lnr ua pf (n/2 - nzn)
where nll;, = nll +nl, :l<1—i) +(1-1) <1—i> and nl,, =nl, +nl, = <1—i> are the
q9H qr qr

informed and uninformed advertiser’s expected numbers of real followers, respectively. Clearly, the

deviation n), = n’ (no purchasing) dominates any other n} € (nf n3). The former results in a

profit of 7 (nfl) = INpnl, + (1 =1) hipnk,,.

Therefore, a sufficient condition for n} € [nf ,n} OOl] being a PBE is:

m’

R (nf) <7 and e (nff) < (31)

which is equivalent to

AipnE < Xip[(1=1) pnfl + (1= p+ 1p) nk, +nkoc'] — ppai™
l>\’blu’nrza (1_l) >\’Llu’nrua S)\lu [(l+p—lp) nf{z—’_(l_l)( _p) niLn—i—nIviZOl] p ‘T?;Ol
Az/mun < Xipp (1=1) (nf] —nk) + \pnteet — pyah™
Aipnl, < Xipp (1= 1) (nfl — k) + Xpnkos — ppaly

un — wmn zn

= Nipny, < Xipp (1=1) (nf, —nf) + Xipnk? —py b (32)

For the pooling equilibrium to exist, the above condition must hold for the most profitable

pool __ H L

pooling equilibrium, i.e., when nj =n and 25 =nf —nk  or:

Aip (nE2 —nl ) > [pp = XNipp (1 =1)] (nf] —n) (33)

Noting that ¢ = ¢y +¢; (1 —7)d and py = po + 2=d, we can rewrite (33) to obtain (13), which is
d<(1—=7)(m —po)-
We define
1 quElq] —qnqr

di=(1—7)(m —po), where n; = \;p (1 —1) TanEld —Elda +pl. (34)

We denote 75°” as the highest ny such that (32) holds in equality. This implies:

] i 1-—1 L pool __ L
ﬁgool — A /‘l’[ ( ) ( Min pnzn) + (nun nun)] 4 nZLn (35>
f
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In the above, we have found all the pooling PBEs.

Given the continuum of the pooling equilibria, we now show that any pooling equilibrium with
ny, > nk is defeated by ni = nfl. We note that under the former equilibrium, it must be that
P (H|ny) < p for any off-equilibrium action n, < nj (because, otherwise, the L-type would have the
incentive to lower her n, to save fake account costs). However, both types are better off under the

equilibrium nj =nf, suggesting that n} would defeat n/, unless the latter assigns P (H|n?) = p to

in’
the off-equilibrium action ny, =nk (as in the n} equilibrium) — a contradiction to the requirement
that P (H|nf) < p. Therefore, the unique undefeated pooling equilibrium is n} =nf?
We now obtain the supporting beliefs for the undefeated equilibrium. Consider a general belief
0, if No < nm
P(H|ny) =< p if ng =nf

p1 € [0, 1] if n <Nz <n 7p00l

We have already established that under condition (33), the L-type has no incentive to deviate to
any ny < nl’. We now consider an H-type’s deviation to ny >n!?. When the off-equilibrium belief
p1 € [0, p], the H-type is subject to a less favorable belief and incurs an additional fake-account
cost. Clearly, the H-type has no incentive to deviate to ny, > nf . Similarly, the L-type has no
incentive to deviate to ny >n!’ either.

We now consider a off-equilibrium belief p; € (p,1). The L- and H-type’s incentive for deviating
to ny > nil is identical, so we focus on the H-type’s decision. Suppose an H-type deviates to

I :
22" = ngy —ni! fake accounts. She will be seen as an average

ny >nk . She will need to purchase z%;
type (with probability p;) by both the uninformed advertiser and uninformed consumers, and an

H-type by the informed advertiser. Thus, the H-type’s expected payoff is:

T (ng) = INpun ! 4 (1 — 1) \jun2o% — ppache”

’I‘Z(l T, ua

where

nia = Mg 00" (36)
o — ﬁ;n+nz‘:f“ (37)
npool = (1—1) ( ) (39)
Elq = pigu+(1— p1) (40)

The IC condition for the H-type requires 7% (ny) < 72°, which is equivalent to

INipngly + (L= 1) Xapnloys —py (n2 —nin) < Xip[(L+ p—Ip) niy + (1 =1) (1= p) mi;, + "]
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= Infll + (1=l <[(I+p—Ilp)ni+(1—1)(1—p)nl, +nb] +p—L (ns—nih)

%0 T, ua )\z in
= ! +23 <0 (41)
Z1P1 — 22— q; T3>
Pt —LQL
where z; = (1—1)! (i—i), Zy = q(;:l;z, and 23 = (1-10) g7 — (1=1)pl (i—i) -
% (ny —ni). We can further rewrite condition (41) as
V1Pt +2p1+y3 < 0 (42)
where v, = 21, v = qu_LqL 21+ 23, and 3 = qu_LqL 23 — 2. Solving the equality corresponding to (42),
we obtain:
Lo )TV A etV A
pl € 9
2m 2m
v —r /2 — (2L pyfag) — (Ll 2y 2
Noting that the first root —= 2121 s (atap =t 52)21(‘”1’” ) = —qu_LqL <0 and we

already know any p; < p can sustain the equilibrium, the condition (42) simplifies to p; € [0,7,],

_ ~Z — A
P, = max {p, mm{ Y2tV %%,1}} (43)
1

2y

where

A.2. Proof of Lemma 2

H
n’

We consider a costly-separating equilibrium (ni,nf), where nf #nf, nff >nf and nk >nk . In

the following, we show that (a) there exists a PBE (n3**, nk ) where n5’*? >nf and (b) any other

PBE (n#,nf) with nf >n’* or nk < nl <nfl is defeated by (n5**,nk). Finally, we explore the

supporting beliefs for the unique undefeated equilibrium (n5** nk ).

) %n

csep —csep

First, we establish that any (ni* ni*) where ni’* € [n5*? n5*?] and ni* € [nk

L ni*) with the
following belief is a PBE (we define n5™” in (17) and 75> in (47)):

0, if ny <ni*

1 if ny >nl*

P(Hlnz)Z{

Denoting nk =nk +nk nf =nl +nf 7P =nl*—nk and 257 =n* —nf we can write the
equilibrium profits for the two types as
csep __ L csep
T = Ain, — Py (44)
csep __ H .C5€ep 45
Ty~ = AN, —Pfly (45)

First, an L-type deviating to n), < ni’* is always seen as an L-type and better off by not purchasing
L

any fake accounts. In other words, any nl’ € (nZ ,ni’*) is dominated by ni* =nk .

mn?
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—csep

If an L-type deviates to nl’ € [ni* n5*?], she will be seen as an H-type by both the unin-
formed advertiser and uninformed consumers, and an L-type by the informed advertiser. Thus,
her expected profit is 7§ (nf’) = IX\unk,, + (1 —1) \jpunl,, —ps (n5’ —nfl), where nl,, =nl +nll

and nl,, =nl' =nll +nl . Clearly, the L-type is better off with nj’ =ni™, resulting in a profit of

W%PU (né{ ) - l)\z;unr ia (1 - l) Alunﬁu(z pf (ng* - nZL’n) :

If an H-type deviates to ni’ > nl* she will gain nothing comparing to n£* but incur an addi-
tional fake-account cost. Clearly, the H-type has no incentive to deviate to ni”’ > ni*. If the H-type
deviates to ni’ € [nfl ni*), she will be seen as an L-type by both the uninformed advertiser and

m?

uninformed consumers, and an H-type by the informed advertiser. Thus, her expected profit is

7-‘-?{5” ( ) l)\zl'“?‘r ia (1 - l) Ai Mnr ua ~ Pf ( 5 nan)

L

where n!’;, =nll +nl, and nr o =nk=nk +nk . Clearly, the H-type is better off with n’ =nf

mn
resulting in a profit of 7§ (nfl) =I\;unl,, + (1 —1) Aipnl .

Therefore, a sufficient condition for (nf* nkZ) (where ni* € [n3*? n3**]) being an PBE is
7 (") < 7 and e (nfh) < 75, or

I\ /J/nr ia (1 - l) Alﬂ/nr ua — Pf (né—l* - nan) < )\hu‘nf

l)\ll‘tnfia (1 - l) )\i/‘bnf’{ua < Alﬂnﬁ — Dy (’I’lé{* - nH)

Ml =0l (0 o) <y 0"~ o

The lowest costly-separating equilibrium, denoted as (ng”f’ ), is such that the first condition

in (46) holds in equality (the L-type’s IC condition binds), which implies (17).

nin

—csep

The highest costly-separating equilibrium, denoted as (75’7, nZ ), is such that the second con-

n

dition in (46) holds in equality (the H-type’s IC condition binds), which implies:

TS =05+ (nlt —nk,) (47)

wm

In the above, we have found all the costly-separating PBEs.
For this to be a costly-separating equilibrium, the H-type must purchase fake accounts, that is,
ns'? >nfl or Np[(1=1) (nf —nk)+ (n, —nk )] —p; (nf —nk ) > 0. We can rearrange the items
and obtain

d<(1—7)(n2—po)

X 2
where 7, = M We define dy = (1 —7) (12 — po).
Given the continuum of costly-separating equilibria, we now show that any costly-separating

equilibrium (nf’,nk) with n’ > n3*? is defeated by (ns**”,nk). We note that under the former

m
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equilibrium, it must be that P (H|ny) <1 for any off-equilibrium action ni’ < nf’ (because, other-

wise, the H-type would have the incentive to lower her n, to save fake account costs). However,

csep

the H-type is strictly better off under the equilibrium (nj

gesting that (n5’?,nk) would defeat (ni’,nk) unless the latter assigns P (H|n5'”) =1 to the

) '%n in

,n’) (L-type remains the same), sug-

off-equilibrium action nfl =n5*? (as dictated by the former equilibrium) — a contradiction to the

requirement that P (H|n3*?) < 1. Therefore, the unique undefeated costly-separating equilibrium

is defined by (n5’?,nk).

We now explore the supporting beliefs for the undefeated equilibrium. We consider the general

belief

0, if Mo < nf{L
p2€[0,1] if nff <ny <n3*?
P(H‘nQ) - 1 if ___csep ?
1 n2 — n2

—csep

p3 €[0,1], if n5™* <ngy <7y
We have already established that under condition (46), the influencer (L- or H-type) has no
incentive to deviate to ny > n3"®. When the off-equilibrium belief p; € [0,1), the influencer will

be seen as an average type; as a result, she gains lower compared to the deviation when the off-

—csep

equlibirium belief P (H|n3*? < ny <n5*") = 1. Clearly, both H-type and L-type have no incentive

csep csep

to deviate to ny > ny** when P (H|ny > n3*?) €0,1].

We now consider an influencer (L- or H-type)’s deviation to nZ < ny, < n5™”. When p, =1,
H-type is better off by deviation, thus, p, € [0,1). We already know that the influencer (L- or
H-type) has no incentive to deviate when p, = 0.

When the off-equilibrium belief P (H|nfl <n, <n5*®) =p, € (0,1), it’s possible for both types’
L

deviation since L-type gains comparing to nl* =n’ meanwhile incur additional fake-account cost,

CcSe

and H-type gets lower profit comparing to ni* = n5**” but incur lower fake-account cost. If the

csep/

/
nH posep csep and 5" =ny —nk as the fake

_ L
2ong?), we have 7" =ny —ny

influencer deviates to ny € (
accounts number, and the influencer is expected by the uninformed advertiser and uninformed
consumers to be an H-type with probability p, and an L-type with a probability of (1—p,).
However, the informed advertiser knows the influencer’s true type. The influencer (L- or H-type)’s

expected payoff is

mi (n2) = pny, + (L =1) A, — ppay™”
T (n2) = Dpn)l, + (L= 1) \pm, . — ppa™
where
m}, = pangy, + (1 —p2)ny, (48)

Elq)] = poqu+ (1 —p2)qr (49)



C
Wl = (1-1) (1— ) (50)
Elq]
nf’:lza = nan +n'/lL'fL (51)
nlll, =nj, +nl, (52)
A T (53)

To ensure the undefeated costly-separating equilibrium hold, the IC conditions for both H-type

and L-type require

T () < P
ni () < T

which translates to

lAlunf,lm + (1 - l) )‘i/'tﬁ;“,ua — Py (n2 - nfn) < )‘Zunf
INipn ], + (1= 1) Ap,. o — pg (2 — nf) < Xipnlt — py (n5™? —nfl)

Which is equivalent to (binding H-type’s IC condition):
Aip (L= D)7, + 10, ] < Mg (g = Ing) +py (ng = ng™?)

Thus, we have

R I +23<0
2T qn—ar
where
21:(1—l)z<i—i)
z_(l—l)(‘
’ C:{H_L2 c 2\ ¢ pf csep
z;;z(l—l)a—(l—l)g—m(ng—nQ )

Further, we translate the above inequality equation as the following general format

Y1P3 +Yap2 + 73 <0

where

Y1 =%1

V2= QHZ—ZQL Zitzs

V8= qpaL 3T A2

b | T2 Y —4Ans etV —4Ans
2"}/1 ’ 2’}/1

—yo—/V3— (L2 tag) (2 —2

For the lower bound of p, above, we have —> 2121 s Gt 32)z1 G, = _ququ
_ 2 4 _ Vo v~

0, but for the higher bound of p; above, we have either 0 < @ <lor W > 1.

Above all, the off-equilibrium belief p; for deviation n5*?" < ny <m5°% can be any between 0 and

1. Let
_ /T4
p2:min{ 72_‘_ V2 ’7173’1} (54>

27
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“? can support the

and any the off-equilibrium belief p, € [0,p,] for deviation nf < n, < n$’
equilibrium.

Furthermore, we can prove that d; < ds. From the proofs for Lemma 1 and Lemma 2, we have

dy=(1—=7)(m—po);d2=(1—7) (12— po)

1 CIHE[Q] —4qHIL (1 >
=Ap(1=10) |7 +polime=Np(1-0){-+1
" & ) LquElq] - Eldac p) e 3 ) !

Since % <1 and p < 1, thus, we have 1, < 172, which further leads to d; < d».

A.3. Proof of Lemma 3
By definition, the two types of influencers under the naturally-separating equilibrium should have

all informed consumers as their early followers, we denote the naturally-separating equilibrium by

nf* =nfl and ni* =nk , which is equivalent to a strategy profile of (27, 27°?) = (0,0). In the

mn)

following we establish that (ni* nl*) = (nf nl) with the following belief is a PBE.

n?

0, ifny<nf
P(H|ny) =<1 if ny =nk
any if ny >nk

Denoting nt =nk +nk and nff =nll +nfl  we can write the equilibrium profits for the two types

un’

as

7P = N\junk (55)

nsep

i’ = Apny! (56)

For the H-type, if she deviates to n& >nf she will not gain anything comparing to nf but incur

in?

an additional fake-account cost. Clearly, the H-type is better off with n’ , and thus has no incentive

n

to deviate to nZ >nH
For the L-type, first, she will not purchase fake accounts to deviate to a follower count nf €

(nk ,nf), this is because, with the belief capped at 0 for n, <nff

n?

she will be seen as L-type when

in?

ng € (nk,nk) and can always be better off by not purchasing any fake accounts (i.e., ny =nk ).

in)

If the L-type deviates to nf, she will be seen as an H-type by both the uninformed advertiser

in’

and uninformed consumers. However, the informed advertiser knows that she is L-type. Thus, her

expected profit is

Tr%ev ( 7.n) l)\l/"‘nr ia + (1 - l) )\i/’énrl*:ua 2 (nzl—rIL - nan)

where nl,, =nl, +nf, and nl,, =nf. Still for the L-type, when the off-equilibrium belief

un?

P (H|ny >nll) =0, she has no incentive to deviate to nZ >n!’ since she gains nothing but incur an
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additional fake-account cost. When the off-equlibirium belief P (H|ny >nf) =1, the deviation to

H

H
in ;

wmn?

n& >nf will be dominated by deviation to nk =nfl i.e., if the L-type doesn’t deviate to nf =n

she will not deviate to nk > nfl either. When the off-equilibrium belief P (H|n, >nf)=ps € (0,1)

H
n’

/
we have z7°?" =ny —nE as the number of fake accounts, and

and the L-type deviates to nf >n
she will be seen as an average type by the uninformed advertisers and the uninformed consumers
and is expected to be an H-type with probability p, and an L-type with a probability of (1 — py).

Again, the informed advertiser knows that she is L-type. Thus, the L-type’s expected payoff is
W%ev (ng) = l)\i/mf)’m +(1-1) )\iunf)’ua —prp
where

E [Q]/ = paqur + (1 —p4) qr

o =00 (1= 57

Lr _ L /
nr,ia - nin +nun

Lt i /

T, ua

(
(
(59)
(
(

To ensure the naturally-separating equilibrium holds, the IC conditions for the L-type require

mi (niy) <
mi (ng) <mp

which translates to

Which is equivalent to:
Aiu (1 —1%) < pyl
Aipmy, < Agpngy + py (o — nif,)

Similar to the process in the proof of Lemma 2, the second condition translates to

1
Z1p4—Z2ﬁ+23 <0
4 g —ar
where

zl—(l—l)l<i—i>
P (1-0)c

27 qu-qy . by L
= (1-1) =35 (na—nj,)

Further, the off-equilibrium belief p, for deviation n, > nf can be

[0,0sep (n2)], if dsep (o) <1
62
e € {[O, 1) otherwise (62)
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where

qr Ailt qHAIL

B (qzc 4D _ pf(”2—”an)> n (zC _ ez pf(nj—nfn)>2 4 4la=ne
H il

Osep (n2) =

A.4. Proof of Lemma 4.
By Lemma (1) and Lemma (3), the pooling equilibrium exists when d < d; and the naturally-
separating equilibrium exists when d > dy; also we know d; < ds, therefore, the pooling and
naturally-separating cannot coexist.

However, the pooling and the costly-separating equilibrium can coexist when d < d;. Comparing

the H-type’s profits under the two equilibria, we have
TP — oot = Npn — pra? — A\ [I+p—1lp)nfl +(1—1)(1—p)ni, +n]
From L-type’s IC condition 13 for the pooling equilibrium, we have
Aipny < X [(1=10) pnfl + (1= p+1p) nfy, + 02| — ppai™
which is equivalent to
N [(L+ p—=1p) iy + (1 =1) (1= p) i, +n2e'] > N+ prat™ + Aol (), —ni;,)

Therefore,

csep pool csep

m T =" = Ny = pyr™ — A [(l“'P_lP)ngL"’(l_l)(1_P)nfn+n2?q

csep

< Al — [NipmE + ppate® + Nl (nff —nl))] — praf;
(1 =) =pgl) (£ = =)

qrL 9H

= il [nf —ny —l(nfi —"%Ln)] — Dy (nffl —”iLn) — Py

Py
= Dup (1-12) — psl C—C>—>\i 1-12) - z(c—c>:o
(=) =pit] (&= £ ) = pun 0= i) (£ £
Above all, we have
TP — et <0

The H-type gets a higher payoff in the pooling equilibrium than in the costly-separating equilib-
rium, thus, she has an incentive to deviate from the costly-separating equilibrium to the alternative
pooling equilibrium. The L-type is also better off in the pooling equilibrium; in addition, the
uninformed consumers’ and advertisers’ beliefs in the costly-separating equilibrium about such
a pooling deviation are inconsistent with that in the alternative pooling equilibrium. Thus, the

costly-separating is defeated, and the pooling will be the only undefeated equilibrium when d < d;.
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A.5. Proof of Lemma 5.
We define consumer welfare as U = U;,, + U,,, which includes the welfare of the informed and
uninformed consumers.

(1) Under the pooling equilibrium, consumer welfare is:

UPool (d) — ZUZPnOOl + (1 _ l) Upool

un

1 1
:pl/ (eqH—c)d9+(1—p)z/ (O — )0+ (1—1) E
773 ar

Elq]
_ 5 (qu— 0)2 (qr — 0)2
qu 2E gl —qu , qr 2E gl —qr ,
a0 o(G -er opte ) va-n (5 - 2onge)

Because we assume qg > q1, > ¢, UP°?' (d) monotonically decreases in d
(2) Under the costly- and naturally-separating equilibria, consumer welfare is

1 1

<eqH<—c>de—%<1——p>j/ (6q, —c) do

(& c

v (@) =0 d) = p [

a7 qr,
(qu — 0)2 (QL - 0)2
P oan (1-p) o

Again, U*? (d) and U™**? (d) monotonically decrease in d.

Additionally, we have

[yeser (d)_Upool (d) — (1—l) {)0 !(QH_C)z _ <QH_C+ 2E[Q] _QH02> +

2qu 2 2E? [Q]

(-0 (@ 2E[q] —qr
= [zq (2‘”2@[@6)]}

(Ela)—gqun)* | (Eld-av)’
25 gl 4n +2Em%]>°

—(1-1)

Thus, when the consumer’s nuisance cost is the same, consumers have a higher welfare when the

influencers are separated than when they are pooled together.

A.6. Proof of Lemma 6.

a) If d; <0, the pooling equilibrium doesn’t exist, and we only need to compare the consumer’s
local optimum with the costly- and naturally-separating equilibria to determine optimal d°. Noting
that because U***? (d) and U™**? (d) decrease in d, thus, the maximum consumer welfare under the
costly- and naturally-separating equilibrium are U®“? (0) and U"™*°? (dy), respectively. Moreover,
we have U (0) > U**? (dy) = U™**? (dz). So the consumer optimum is U***? (0), achieved through

a costly-separating equilibrium with d“ = 0.
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b) If d; > 0, the platform can induce any of the three types of equilibria. Given that consumer

welfare under the pooling, costly and naturally-separating equilibria are maximized at d =0, d = d;

and d = dy, respectively, we have U (dy) > U (dy) = U™**? (d,), and we only need to compare

consumer welfare under pooling and costly-separating equilibria. Thus, consumer welfare can be

either UP°°! (0), achieved through a pooling equilibrium with d“ = 0, or U*°P (d, ), achieved through

a costly-separating equilibrium with d“ = d;, whichever yields a higher consumer welfare.

The consumer-optimal anti-fake effort and equilibrium type are summarized in Table 2.

A.7. Proof of Lemma 7.
(1) Under the pooling equilibrium, the platform profit is:

pool __ pool pool
7Tp - 107Tp,H +(1_p)ﬂ-p,[/

)

(63)

= p |, + (L= 1) Appumtess - %dz} (1= p) [Dppnt, + (1= 1) Appuntot — 1
= D [onfh, + (L= p) k] + (L= 1) At — 22
= I\ [pniy 4+ (1= p)nis, + o]+ (1= 1) Appe (i +025") — %d?
= At (T ") = 2
C C C ry 9
—Au[lp(l—)—l—ll—p <1—>+ 1-1 <1— >]_d
" gn) T ) TAED U B )| 2
lp  1(1-p) 1—z> 5
= Appt— A — 4+ + co+a(l—71)d)—=d
p/‘l’ ;DM (qH qL E[q] ( 0 l( ) ) 2
Y lp 1(1—)p) 1—l> <l,0 I(1—p) 1-1
=——d = puc,(1—7)| —+ + d+ App — Appco | — + +
2 s : <QH qr Elq] pH T Al qu qr E[q]
We can rewrite 7T§°Ol as
,n_;)ool (d) = (.4.)1d2 + WQd‘F(.Ug
where
w1 = —%
wy = =ppier (1=7) (12 1020 4 1ot)
W3 = Appt — AppiCo (qlfg + % + }Equl])
o._pool
Because w; <0 and w, <0, we have dﬂg — < 0 and 72°° (d) monotonically decreases in d.

(2)Under the costly-separating equilibrium, the platform profit is

csep __ csep cSsep
T, = P, g+ (1 —p) Ty L

= phpun’ + (1= p) Apuny — %dQ

1—
1= (L4220 o] - 3
qH qr 2
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We can rewrite T P as

TP (d) = ard® + aad + a3 (64)
where
o = —%
- _ _ L 4 1=p
ary=—c (1 T)(qH+ " )
a3 = A\l —Co (i—l—%)
Noting that a; <0 and as <0, we have awg’;ep <0, thus, 7;°” (d) monotonically decreases in d.

(3)Under the naturally-separating equilibrium, the platform’s profit is

nsep __ nsep nsep
7Tp - pTrp,H +(]‘_p)7Tp,L

= phppny’ + (1= p) Appny — %dQ

1—
i) e
qH qrL 2

Noting that ¢=co+ ¢, (1 —7)d, 7;°” (d) monotonically decreases in d.

A.8. Proof of Lemma 8
The number of total uninformed consumers under the pooling, costly-separating, and naturally-

separating equilibrium are, respectively,

1
nket = (1-1 <1— >
=0 pqa+(1—p)ar

un” = <1—l>ﬂ<l—c>+<1—l><1—p) (1_C>

qH qr

Then, we have

=gy = -0 (1o ) (1- S ) ca-na-p) (1- £

p 1—p 1 )
=(1-0)(—+ — c>0
( )<qH a  pau+(1—p)ar

Thus, the number of total uninformed consumers under the pooling equilibrium is always larger

than that under the costly-separating/naturally-separating equilibrium.

(a) If d; <0, the pooling equilibrium doesn’t exist. Note that the platform’s profit under the
costly and naturally-separating equilibria decreases with d. Thus, 77> (0) > 7°? (dy) = 7)°" (da).
(b) If d; > 0, the platform can induce any of the three types of equilibria. According to the proof

of Lemma 7, we have

,ﬁ_gool (0) _ gresep (dl) > 7I_Z;Lzool (dl) _ qcsep (dl)

p p
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(g i ()
= (55~ e 0 ) )
= A=) <qH 1q_Lp_qu+(1—p)qL>c>0

In addition, we know that 7 = 7)*? when the anti-fake effort d is the same. As the profits

under both equilibria monotonically decreases in d, thus, we have 7*% (d) > 75*? (dy) = 7° (d3).

A.9. Proof of Proposition 1.

If 71 < py, the condition for the pooling equilibrium is not met, so the pooling equilibrium can-
not exist. The only equilibrium is either costly-separating, if d < (1—7) (12 —po), or naturally-
separating, otherwise. Since there is only one equilibrium under any condition, it is also an unde-
feated equilibrium, which is summarized in case (a).

When 1, > po, if d < d,, by Lemma (4), the pooling coexists with and defeats the costly-separating
equilibrium. When d; < d <d,, the costly-separating equilibrium is the sole equilibrium and thus
undefeated equilibrium. When d > d,, the naturally-separating equilibrium is the only remaining
equilibrium and thus undefeated. Case (b) summarizes these undefeated equilibrium refinement

outcomes.

A.10. Proof of Proposition 2.

pool azpool

The conclusions follow from the signs of the first-order derivatives: % quqiL c>0; —k—=0;
6wpool ampool 9P ool 6ajp00l _
o = —c <05 = quq‘iL dle; <0; —5k—=0; 24— = ququLL ¢ (1=71)>0.
A.11. Proof of Proposition 3.
Sz 22l 9H—9L . Oz _’\i“(l_l )qH qr oz’
We firstly note that —Z— = ( Py +1) € < 0; o = 2 ¢ < 0; —%

. 12\ _ . _72 £ CSeP
—W%c <0 (noting that W(;ifl) — 1> 0 under costly-separating equilibrium); 0 =
”(1_l )QH ar 025" am-ar A“‘(l_lz)dc ’\i“(l_l2)

or amar c¢>0, and —— = — . A + Py —1l)ed| <.
0xy”  qu—qn 1 { 5
- App (1=12) =ppl) er (1 =7) pr— Aopu (1 =12 c}
= Ut {1 P) =) e (1= A (=)
2 2 2 . 2 )\“L(l—lz)CO
If poAhipe(1—=12)—pol]er (1 —7)" < \ipp(1=1%)¢o, i€y 1 (1—7)" < we have

sep — Po [Am(l—ﬂ)—pol]
&CH <0 for all d >0, thus, %" is monotonically decreasing with d.

20 cse
Ifcl(l—T) > /\zu(l l)o ],whend—>0 wehavea ’

po[Xin(1-12)—pol

>0,
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but when d — (1 Nin(1-1%) have 227 — _an—an 1\ (1 _[2)e<(
ut when d — (1—7) | =—;—= —po|, we have —Ji— = — 44 0 i (1—=10%)e<0.

Thus, 25 is not a monotonic function of d.

A.12. Proof of Proposition 4.

a) If d; <0, the pooling equilibrium doesn’t exist, and we only need to compare the platform’s
local optimal strategies under the costly- and naturally-separating equilibria to determine optimum
d*. Noting that because 7;*°? (d) and U™*” (d) decrease in d, the maximum naturally-separating
equilibrium utility is II}*? (d;), which is the same as the II5*7 (d;). Similarly, II5*” (d) decreases
in d, thus, the maximum costly-separating equilibrium utility is II5*” (0) and we have II*7 (0) >
11557 (dy) = I13*°P (d3). So, the platform’s optimum utility is II5*” (0), achieved through a costly-
separating equilibrium with d* =0.

b) If d; >0, the platform can induce any of the three types of equilibria. Given that the utilities
under the pooling, costly and naturally-separating equilibria are maximized at d =0, d =d; and
d = ds, respectively. We have 75?7 (d,) > 7}°" (d3), and U (dy) > U (dy) = U™*? (d,). Thus,
we have 11557 (d; ) > II5°7 (d) = II°°P (d ), so we only need to compare the platform’s utility under
pooling and costly-separating equilibria. Noting that both Hg”"l (d) and IT°°? (d) decrease in d, the
platform’s optimum utility can be either Hg"f’l (0), achieved through a pooling equilibrium with
d* =0, or II3**P (d,), achieved through a costly-separating equilibrium with d* = d;, whichever
yields a higher utility.

The platform-optimal anti-fake effort and equilibrium types are summarized in Table 3.

A.13. Proof of Proposition 5.

1) When the platform-optimal effort is 0, and the pooling equilibrium arises,

o (QH—CO)2 1(1 (QL_CO)2
pool = T“‘ ( —P)T‘*‘
qu 2Eq] —qu qL 2E[q] —qr
1-1 _— — - = 1— = 2 =)
We then have (Ul — plan—co)? + (1- )M — — o+ 2Eld—au 2} _
ol p 2qH P) =5q p ) 5577 €0
(1= p) (% — o+ 2E0hetc2) > 0 and 222t — o,

Because the platform exerts no effort, consumer welfare is unaffected by the technology level .

2) When the platform-optimal effort is 0, and the costly-separating equilibrium arises,

Ur = (QH—CO)2 +(1-p) (QL—CO)2
e 2y 241

We then have Ugls"”’ —0and 2 “e” =0. Again, the platform exerts no effort, and consumer welfare

is unaffected by the technology level T.
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3) When the Platform-optimum is d; and the costly-separating equilibrium arises,

(qu — 0)2

(qr — 0)2
2qu )

v =U’
2qL

csep nsep

+(1—p

where ¢ = co+ ¢, (1—7)% (1 — po). We have
oU* B 87rzsep oc B

csep (qH - C) (qL - C) 2 8771

= = |z 7 1—p) 2~ 1— it

ol dec 0Ol {p qu +(1=p) qr er(l=7) ol
_ [p(qH—C) (=) (qr —C)] e (1— 7Y Aitpdn o
qu qL E [Q] [2 ’

aUc*sc 877255 C —C —C 2 OU:SG 871—:56 C
e = g = e 0op e (o) > 0 and SR = Seg -
2o (1= p) U e (1= 7) (1 — o) 0.

A.14. Proof of Proposition 6.
a) If d; <0, d° =0. By Proposition 4, the platform’s optimal anti-fake effort is d* =0 as well. So,
we have d* = d°.

b) If d; > 0, the consumer-optimal d° can be either 0 when U*°? (d;) < U?°°" (0), or d; otherwise.
(1) When U (d;) < UP*°"(0), the equilibrium obtained under the consumer-optimal d =0 is
pooling equilibrium. In this case, by Lemma 8, we have 7¢*? (d;) < 7£° (0), thus, II$* (d;) <
Hgo"l (0), and the equilibrium obtained under the platform-optimal d* = 0 is pooling equilibrium as
well. Thus, we have d* =d® = 0. (2) When U (d;) > UP°° (0), the equilibrium obtained under
the consumer-optimal d° = d; is the costly-separating equilibrium. By numeric simulation, we
can find examples for both cases I12° (0) > II7*? (dy), and II2° (0) < II7*? (d3). Thus, we have
d*=0<d® =d; when II?° (0) > II°*? (d, ), or d* = d° = d, when II2°°! (0) <II*? (d ).

A.15. Impact of fake-account base price on platform profit, anti-fake effort, and
utility
See Figure 8

B. Proof of Proposition 7 (Three Types of Influencers).

B.1. Costly Fully Separating

For the fully separating equilibrium, we show that (nd™* nd"* ni*) = (3" n3" nk) with
n;epM sepH

>nM and ny™" > nfl (i.e., the L-type does not buy, the M- and H-type buy enough to

maintain separation) and the following belief is a PBE.
0, if ny <ny™?”
1, if ny >ni?"

P(H|ny) = {
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----- Platform's anti-fake effort, @* === Platform's profit, 11
08} Costly-
z separatin 0.02
€ €0y 'B_ Pooling Costly- Costly-separating 10.0597
3 ool 5 (d=0) Separating (d=0) 10.0506 £
§ % _ld>0 ._:-
? Costly-separating e 10.0595 “’é
g (d-0) £ 0.01 S
3 T 10.0594 o
§ 04f L K
£ X = 2
g & 10.0593 5
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Pooling E 10.0592 &
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(d=0) E=
et 10.0591
o 0
5 T T 1 0 0.2 04 0.6 0.8 1
Fake-account base price, po Fake-account base price, py
(a) Platform’s optimal strategy (v) Platform’s optimal effort and profit (w =0.4)
----- Platform's anti-fake effort, d* — Platform's utility, M, - ===~ Platform's anti-fake effort, d* — Platform's utility, I,
0.02 88
0.02] giing  costly Costly-separating 17.3561 . Pooling Costly-separating 1684
b (d=0) Separating (d=0) a (d=0) (d=0)
< (d>0) 5 o = 1.8838 o
5 17.35608 = S 38 =
[0} -
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2 {7.35606 = & 1.8836 =
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o 7.35602 @ o 1.8832 o
[} S
a O a O
1.883
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Fake-account base price, py Fake-account base price, py
(c) Platform’s optimal effort and utility (w =0.4) (d) Platform’s optimal effort and utility (w=0.1)

Note: 1 =0.2,p=0.3,1; =0.3,\;, =0.3,1=0.2,gyg =100,qr =10,c0 =0.2,c1 =0.02,7=0.8,7y=0.1

Figure 8 Impact of fake-account base price on the platform

0, if ny <ny™M
P(M|ny) =<1, if ni"™ <ny, <ns®?
0, if ny>ni®?
1, if ny <ny®M
P(L|n2) = ’ : ’ ezepM
0, if no>n;

Similar to the argument made in the Proof of Lemma 1, we argue that the H-type will not

deviate to ni > nZepH . Similarly, the M-type will not deviate to ny’ € (n;epM 7n;epH)7 the L-type
will not deviate to nk € (nk ni®").

1) H-type Influencer
If the H-type deviates to ni’ € [n3™ ni™™), she will be viewed as an M-type by both the
uninformed consumers and the uninformed advertiser (and an H-type by an informed advertiser).

Thus, her expected profit is

TF (nd") = aunl, + (1-1) Aipn [l —py (nd —nll)

ria in
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nfl! =npM =nM 4 M (Clearly, the H-type is better off with nl’ = n3®",

un? r,uaQ

resulting in a profit of 7§ (n3™) = I\ (R +nM) + (1= 1) \jun™ — py (n3P —nll).

where n//l, =n/l +n}]

The IC condition requires 7% (n3™") <73 = \un —p; (3" —nf), which translates to:

l)\iﬂ (n + nun) (1 — l) )\Z (n + nun) Py (ngepM fi) < )\zun.{-] — Dy (n;ezJH nH) (65)

wm

After simplification, we have

pr (3™ =n5T) <X [(1=1) (nf, —nil) + (nd, — )]

Hn sepM (

If the H-type purchases fewer than x}; such that ny'"” <n; say a7 < ny™" —nH) she will be
viewed as an L-type by both the uninformed consumers and the uninformed advertiser (and an

H-type by an informed advertiser). Thus, her expected profit is

T (nd") = Dapnlll 4+ (1 =1) X[, — py (nd" —nll)

ryia in

Hr
T, ia

nH!" =nk=nl +nk . Clearly, her best deviation of this type is not to pur-

un’ T, ua

where n —n +n

chase any fake account and the resulting expected profit is 7§ (nf"") = I\un !l + (1= 1) Ajunlll,.

T1a
The IC condition requires 74" (n£") < 73/, which translates to:

Il + (L= 0) \pn ! < X —py (n5 —nlh) (66)

a T, ua m

By simplification, we have

pr (3™ =nfl) < Xip[(1=1) (nf, = ni;) + (nif, —nis,)]

_ M _ _ L L
where nff =nff 4-nft M =nM 4 pM and nf =nl +nl

’U.’IL’

This IR condition for the H-type can be naturally satisfied under condition (66).

Thus, we have

o < )
n;epH n;epM < )‘iﬂ(l—l 2)5 7{{_”£/j)

2) M-type influencers
If the M-type purchases more than z%, such that nd’ > n3*" (say 2/, > ni®" —nM), she will be
viewed as an H-type by both the uninformed consumers and the uninformed advertiser (and an

M-type by an informed advertiser). Thus, her expected profit is

dev ( M

n2 ) l)\ Mnr ia (1 - l) )\luni\,/[u/a _pf (né\/[/ - nin)

where n! =nM +nll nM =nH =nll +nf  Clearly, the M-type is better off with nd! =n3*"

un? T,ua

resulting in a profit of 745" (n3™") = I\ip (M +nll ) + (1 — 1) \junl? — py (n5" —n21).

wm
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The IC condition requires 745" (n3®™) <733 = \un — py (n5 —nl), which translates to:

Dpr (2 +n) + (L= Xpn —pp (03P —nll) < Npmd —py (03P —nll) (67)

m

By simplification, we have

py (37 =) 2 A (1 ) (nf )

Mrn sepM (

If the M-type purchases fewer than x3}, such that ny"” <n; say 2, < s —nM), she will
be viewed as an L-type by both the uninformed consumers and the uninformed advertiser (and an

M-type by an informed advertiser). Thus, her expected profit is

T (nd™) = upnlit 4+ (1-1) Aipn ) —py (ny"" —nlt)

Tia in

M __
T, ia

nM" =nk =nl +nk . Clearly, her best deviation of this type is not to pur-

where n N (e

=nM4nk
chase any fake account and the resulting expected profit is 737" (n3") = IX\;un iy 4+ (1 —1) Aun i,

The IC condition requires 7% (nd!) < m};", which translates to:

py (3™ = nfl) < Ap (1= 1) ()" —ny) (68)

Again, the IR condition for the M-type can be naturally satisfied under condition (68)

Thus, we have

(1_2\( M _ L
nyM < (1 I)Jﬁm ) +nl!
nZEPH n;epM > /\iﬂ(l—ﬂz)gn,{{—ny)

3) L-type influencer
If the L-type purchases more than z3 such that ni" < n’ < ni*"(say ni?" —nk <

ns®" —nk), she will be viewed as an M-type by both the uninformed consumers and the unin-

formed advertiser (and an L-type by an informed advertiser). Thus, her expected profit is

Wgev ( U ) l)\l/"‘nr ia (1 - l) )\l/’énrl*:/ua pf (nél nan)

where nZ, =nk +nl nl =nM=nM +nM. Clearly, the L-type is better off with nf’ =n3*"
resulting in a profit of 78 (n3™) = I\ (nk +nM) + (1 — 1) \jun™ —py (n5P —nlk).
the IC condition requires w§* (n;” M) <7°P = \;unk, which translates to:
pr (n5™ —nf) = Nip (L= 1) (0} —nf) (69)

> nsP (say 2 > ny™" —nk), she will be

If the L-type purchases more than x} such that n;
viewed as an H-type by both the uninformed consumers and the uninformed advertiser (and an

L-type by an informed advertiser). Thus, her expected profit is

T (ng") = apnl, + (L=1) Npnlll, —py (ny™ —n))

Tia in
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nk' =nH =nl 4 pf  Clearly, the L-type is better off with nk” =n3*",

un? T, ua

Ln
ria

resulting in a profit of w¢e (ngepH) =INp(nk +nl) + (1=10) \pnf' — p; (nZepH nk ). the IC

where n —n +n

condition requires 77 (n3” H) <7;*P = \;unk, which translates to:

pr (3™ =nf) = Xip (1=12) (0 — ;) (70)

The IR condition for the L-type can be naturally satisfied.
Combing the IC conditions for the L-type, we have

nsepM kiﬂ(l_ﬁ)("y_nf

2

n;epH > i ,u(l—lQ)(nfl—n’Ij

L ynt,

v

)+nfn

4) Combining all conditions above

Combing the IC and IR conditions for H-type, M-type, and L-type, we have

n;epH c /\i;t(l—IQ)(nf—nf) —}—TLZLH, Xilt(l—IQ)(nﬁ—n,I!) +TLH

Py Df mn
(1 2\(. M __L (1 2\(. M __L
n;epjw c )\I[L(l l 275717, nT) —|—7’L2Ln, >\1/J‘(1 l ggnr nT) +n%:|
n;epH n;epM _ Ai#(l—ﬂ?)in?{{_"?{w)

As a range of separating equilibria exist, we apply the undefeated equilibrium refinement and

obtain
{’I’l M L*} — { *sepH *sepM’né,*}
A 1—l2 —nk Aipe (1 —=1%) (nM —nk
[AuUEIOE o) AP )y )
Dy Dy
under the belief system we have defined for this case.
As n3* P >pH and n*P™ >nM in this case, thus, we also should have
Aipr (L=12) (0" = ny) = py (nfy, — nf)
A (L=12) (n3" = ng) = py (niy —niz,)
Finally, we can obtain
_2)(nH
ng’* (! ZI),JE - ) +nk
2 M
né”* _ )\Zu(l l Z))(nr —n ) +n{4n (71)

under the condition A\;u (1 —1%) > pyl
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B.2. Naturally Fully Separating

H M
in? nin )

In this case, we show that (n&* n)™ nl*)=(n nk) (i.e., none of the three types buys fake

accounts) with the following belief is a PBE.

0, if No <nfi
P(Hlnz) = {1, if ny >nk

0, if N9 <n%
P(Mlny) =<1, ifn} <ny,<nl?
0, ifny,>nlt

1, ifny<
P(Lfny)={ b s
0, if ny>nM
First, we argue that the H-type will not buy more than z3 to make nf >nfl. Also, the M-type

will not purchase more than x3, such that n} <nl’ <nf the L-type will not purchase more than

)
x} such that nl <nl <nM.
1) M-type influencer
If the M-type purchases more than x3, such that n” >nf (say 2%, >n —nl) she will be

viewed as an H-type by both the uninformed consumers and the uninformed advertiser (and an

M-type by an informed advertiser). Thus, her expected profit is

dev My My M

Tar (néw) = l)\iﬂnr,ia +(1-1) )‘iuni\,{:a — Py (nz nm)

H
n)

nM =nfl =npl 4 pH = Clearly, the M-type is better off with n}" =n

where nr Vo= n .+ nun, rua

resulting in a profit of 735" (nf) =i\jpu (n2 +nf )+ (1 =) \jpunf — py (n —ndh).

The IC condition requires 74" (nf) < m3; = \;un, which translates to:

A (1= ) (nf =) <py (nf? —ni) (72

2) L-type influencer
If the L-type purchases more than z} such that n} <nl’ <nfl (say nM —nk <a) <nf —nk),

she will be viewed as an M-type by both the uninformed consumers and the uninformed advertiser

(and an L-type by an informed advertiser). Thus, her expected profit is

7.(.%61) ( ) l)\lunr a (1 - l) )\lunf,;a _pf (néj, - nan)

M
in)

nk =nM =npM 4 M Clearly, the L-type is better off with n’ = n!

where nr = n .+ nun, rua

resulting in a profit of ¢ (nM) = I\;u (nk + nun) +(1 =) NunM —pp (n2 —nl). the IC condition

requires 79 (nM) < 77°? = \;unl, which translates to:

At (1=12) (2 =n2) <pjy (n2 —nk) (73)
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If the L-type purchases more than x} such that nl” >nf (say 7/ >nfl —n’ ), she will be viewed

as an H-type by both the uninformed consumers and the uninformed advertiser (and an L-type

by an informed advertiser). Thus, her expected profit is

1 (") = Dty + (1= ) Mgm, — py (" — )
where nlf =nl +nl, nll =nl =nll +nl . Clearly, the L-type is better off with nj” =n/.,

resulting in a profit of 7¢¢” (nf) = I\;u (nk +nf )+ (1 —1) \jun —p; (nf —nk). the IC condition

requires 4 (nf1) < 7% = \;unk, which translates to:
Aipp (1=02) (ny =ny) <py (nis —ni7) (74)

3) Combining all conditions above

Combing the IC conditions for H-type, M-type, and L-type, we have

Aip (1= 12) (3" = n2") <y (i, —niyy)
Aip (1= 02) (" —ny7) <py (niy —ni,)
Aip (1= 02) (" — ) < py (nig, —niz,)
The three conditions can be simplified as one condition: A\;u (1 —12) < psl
For this equilibrium to hold, the individual rational (IR) condition for the influencers and the
advertiser can be naturally satisfied.

Finally, we can obtain

i =
ny =ni, (75)
e =,
under the condition A\;u (1 —1%) < pyl
B.3. Hybrid with M — L Pooling
In this case, we show that (nZ* nl™ nl*)=(nf n} nM) (ie., neither H- nor M-type buys fake

accounts, and the L-type buys to mimic the M-type) with the following belief is a PBE.

0, ifny<ni?
P (Hn) = {1, if ny >nk

: M
0, if ny <njy,
— 2, e M H
P (M|ny) = S if n)t <ny <nj,
: H
0, if ny >n;;,
: M
1, if ny <nj;
— PL e M H
P(Llng) = ;-H—, if nj, <no <ngy,

0, if ny >nk
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We can write the equilibrium profits for the three types as

P\ (76)
Trp""l Dpn™, (1= 1) AunE (77)
T = Dapn i+ (L= 1) Apn ) — ™ (78)
where
Mpa = M + Nn”
nL = Ny + N
ni”;i =i
nf\gL S TR R —
PMp‘LPL pMP_LF PL
Elqui] = qu + WQL

We argue that the H-type will not deviate to nf > nfl. Also, the M-type and L-type will not

deviate to ny € (n} nf).

1) M-type influencer
If the M-type purchases more than x}, such that n" > nf (say 2%, > n!l —nl!) she will be

viewed as an H-type by both the uninformed consumers and the uninformed advertiser (and an

M-type by an informed advertiser). Thus, her expected profit is

ﬂ-?\jv (nQ ) l)\lunr ia (1 - l) )\iunrj’\?ua pf (né\/ﬂ ’I’L%)

where )y, =n) +nll, nY =nl =nll +nll . Clearly, the M-type is better off with ny"” =n])

n un? T, ua n?

resulting in a profit of 75" (nf) =I\ip (M +nf )+ (1 —10) hipn —p; (nf —nlh).

The IC condition requires 74" (n2) < 7h% = I\;un

’l"Z(l

+ (1= 1) Ajpn 'l which translates to:
Aipe [(L=1) (g, = i ™) + (g, = 1) ] <2y (niy, = 1) (79)

The IR condition for the M-type can be automatically satisfied.

2) L-type influencer

If the L-type purchases more than z3 such that nl’ >nf (say 2, > nf —nl ) she will be viewed
as an H-type by both the uninformed consumers and the uninformed advertiser (and an L-type

by an informed advertiser). Thus, her expected profit is

w3 (ng') = Dpunl, + (1= 1) A, — py (ng" —nk)
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L

where nl =nl +nll  nl =nlf=nll +nll . Clearly, the L-type is better off with n}’ =n],

un? T,ua

resulting in a profit of ¢ (nf1) = I\;u (nk, +nf )+ (1 — ) AipnH —py (nfl —nk ). The IC condition

requires 74 (n1) < 7P = INpnk ., + (1 =1 Xpnl —pr(n)l —nl), which translates to:
i [(1=1) (nin, =13 ™) + (0, = man”)] <y (0 = i) (80)

If the L-type purchases fewer than z} such that ni” <n} (say 0 <z/ <n} —nk), she will be
viewed as an L-type by both informed and uninformed consumers/advertisers. Her best deviation

of this type is not to buy any fake account, and the resulting expected profit is

i (nk) = A

pool

The IC condition requires wf” (nh) < m°" = I\junk,, + (1 —=1) \jpnltl — py () —nl,), which

translates to:
Aip [(1=1) (0" = nip) + (" —ni)] 2oy (ndy —niy) (81)
3) Combing the IC and IR conditions for the L-type, we have
Aip [(L=1) (nfl, = ni®) + (nif, —ninP)] < py (nfl, — niy)
Aip[(L=1) (nfn® = ni,) + (it —ni)] > pr (nfy — nf)

When the L-type’s IC condition holds, her IR condition and M-type’s IC condition are auto-
matically satisfied.

Finally, we can obtain

Hx _ o H
ni* =nf

Mx _ oM
ni =n (82)
nk* =nM

under the condition

Mgt [(1=1) (0 = 08+ (n, —nE)] < psl (22 = =)

qam q9H
M [(1=0) (e — k) + (ntE k)] > gt (£ —

B.4. Hybrid with H — M Pooling
In this case, we show that (nf* n™* nk*)= (nZ nf nk) (ie., neither H- nor L-type buys, but

in? n?

the M-type buys to mimic the H-type) with the following belief is a PBE.

0 if ny <nfl
P(H’TLQ):{ ) 1 n2 nz’ﬂ

PH i >nH
pH+PM’ if > Min

0, if ny <nf?
P(M‘/nq) _ { 1I Ny nzn

PM ; H
if ny >n;
PH*PM’ 2= "in
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1, ifny<nf
P(L|n2):{0 if ng >nk

We can write the equilibrium profits for the three types as

TF%OOZ lAZlUJnr ia (1 - l) )\lunv{:’% (83)
1’001 l)\lun’r ia (1 - l) )\hunr ua p x?\;()l (84)
TP = \unk (85)
where
nfm = nil +nlM
nM = nM 4 piM

HM HM HM
T, ua n; +n

nHM _ PH H PM M
in pH"’pM pH+pM in
Elgum] = LQH + piMQM

PH+ PM P+ Pm
(1] <1C>

First, we argue that the H-type will not deviate to ni > nf. The M-type will not deviate to

L H

7.n’nzn)

nd’ > nll . Also, the L-type will not deviate to nf € (n
1) M-type influencer
If the M-type purchases fewer than z}, such that n} <nl" <nf (say 0 <z, <nfl —nl) she
will be viewed as an L-type by both the uninformed consumers and the uninformed advertiser (and

an M-type by an informed advertiser). Thus, her expected profit is

dev M M

T (n2 ) l)\lunr ia + (1 - l) )\Zunyzza — Dy (TL2 nln)

nM =nk=nl +nk . Clearly, her best deviation of this type is not to pur-

un’ T, ua

where n)\ =n) +nl
chase any fake account and the resulting expected profit is 737" (n3") = IX\;uny, + (1 —1) Aiunll,.

The IC condition requires

ma (na") < ake = i\pnl, + (1= 1) A2 —py (nfl, — )
which translates to:

A (1= 0) (5 k) + (k)] 2 oy (ol ) (50
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The IR condition for the M-type can be naturally satisfied under condition (86)

2) L-type influencer
If the L-type purchases more than x} to achieve a follower count nf’ higher than nf (say
x}, >nil —nk), she will be seen as an average type of H- and M-type by both the uninformed

consumers and advertisers (and an L-type by an informed advertiser). Thus, her expected profit is

ﬂ-gev ( ) l)\llunr ia (1 - l) )\ ,U/TLT ua pf (nQ - nan)

where nl;, =nl, +nlM nl  =nl =nM 4 nlM Clearly, the L-type is better off with n}’ =n/),

resulting in a profit of 79 (nf) =I\ip (nZ, +nEM) + (1= 1) \jp (nEM +nHMY —p, (0l —nl).

The IC condition requires 79" (nf1) < 77 = \;unk, which translates to:

Aipe [(1=1) (0™ =) + (" = m)] <oy (0 = i) (87)

The IR condition for the L-type is naturally satisfied.
3) Combining all conditions above

Combing the IC and IR conditions for the M-type and L-type, we have

py (i = i) S Xip [(1=1) (n5" = nd) + (" = )] <oy (nin = i)

Finally, we can obtain

Hx _ H

Ny ™ =Ny

Ms _  H

M =nH (88)
Lx _ L
Ny =Ny

under the conditions

ot (5~ ) <l (=) + )] <ot (- )

dm  9H qr.  4H

B.5. Fully Pooling

In this case, we first show that (nf* nd* ni*)=(nf nf nf) (i.e., the H-type does not buy and

mn? mn?

the M- and L-type buy to mimic the H-type) with the following belief is a PBE.

P(Hlny)={ " in
(H]n.) {PH7 if ny >nf

if n, <nf

0
P M — ) m
(Min2) {pMa if ny >nf!
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1, if ny <nf
P(L’n2>:{ 2 mn

1—pu—pu, ifns>nfl

We can write the equilibrium profits for the three types as

pool __
T

pool __
Y

pool __
T

where

in

E [QHML]

HML

nun

Clearly, neither type will deviate to a higher follower count than n!’.

1) M-type Influencer

If the M-type purchases fewer than %, such that nd!" <n! (say x), <nf?

= I\l + (1= 1) Xpnl 0k

= I\pun)i, + (1= 1) Xpnl 20 —py bt

= INpnl, + (1 =) Xpnl 20t —py b

rza

= nj, +niM"

HML

_ M
- nm + nun

= n, +niM"

_ . HML HML
—nm + un

= punil 4+ puni + (1 —py — pu)n

= puqu +puam + (1 —pa —pu) ar

=00 (1 B)

M), she will be

viewed as an L-type by both the uninformed consumers and the uninformed advertiser (and an

M-type by an informed advertiser). Thus, her expected profit is

dev
T (n") =

where n)}, =n) +nl,, n

un? "Ur,ua

chase any fake account and the resulting expected profit is 77" (n3") = I\;un..

The IC condition requires

T (ny") < 7ot = I\ unM

which translates to:

Nt [(1= 1) (FME B ) 4 (nEME L )] > (!

n,. :n —n +n

l)\lunr ia (1 - l) )\iunrj’\?ua pf (né\/ﬂ

wm un un

ria (1_1) )‘lﬂnf%L — Py (nf{L—

2n- Clearly, her best deviation of this type is not to pur-
+ (L=1) Ajpunl,.
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When the IC condition holds, the IR condition for the M-type can be naturally satisfied.

2) For the L-type influencer

If the L-type purchases fewer than z} such that nk’ <nf (say 2}, <nfl —nk), she will be viewed
as an L-type by both the informed and uninformed advertisers/consumers. Her best deviation of

this type is not to buy any fake account and the resulting expected profit is
mi (ni,) = Xapny,
The IC condition requires

i (niy) Sap = apng, + (1= 1) Xm0t = py (nff, = ni)

in

which translates to:

Aipp [(L=1) (n™" = nis ) + (0" = i) ] = pr (0 = i) (93)

When the L-type’s IC condition holds, her IR condition and M-type’s IC condition is automat-
ically satisfied.

Finally, we can obtain

Hx _ H

ny Min
Mx _ H

Ny =Ny, (94>
Lx* H

ny Min

in in un aH

under the condition A\ju [(1—1) (nfME —nl)+ (nZME —nl Y >p,l (i _ L)
C. Proof of Proposition 8 (A Repeated Game)

First, we construct the new d) and d,, for the period 2.

dy (15°") = (1= 7) (0} oot — Po)
dy (157) = (1 =7) (1 sep — P0) (95)
dy (15°°") = (1= 7) (0, poor — Po)
dy (157) = (1= 7) (15 4ep — P0)
where )
M poot = Aipt (1= 15°") [W + p]
ey = Ait (1= 157) [ o (96)
/ _ Nin(1=l201)
2. pool = lgool
ooy = 2egier)
’ 2

Similar to the Proof of Lemma 4, we can prove that d} (lé’wl) < d, (lgo"l), and d} (I57) < d (157).
In addition, we know that the 7, and 7} decrease with [, meanwhile, we know [ < 15°° < 5%, thus

2
we have dy > d; (15™") > d; (13%) and dy > dj (5°) > dj (15).
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Case (a): when d; <0.

In period 1, the condition for the pooling equilibrium is not met, so the pooling equilibrium
cannot exist. The only equilibrium is either costly-separating, if d < dy, or naturally-separating,
otherwise. In period 2, d (I57) < d; <0, thus, the condition for the pooling equilibrium is not met
either. The only equilibrium in period 2 is either costly-separating if d < d, (I5%), or naturally-
separating, otherwise.

In addition, we know that dy > d} (I57), if d < d), (I5"), the equilibrium in both periods is the
costly separating; if d}, (I57) < d < ds, the equilibrium in period 1 is costly-separating while that in
period 2 is naturally-separating; if d > dy, the equilibrium in both periods is naturally-separating.

Since there is only one combination of equilibria in period 1 and 2 under any condition, it is also
an undefeated equilibrium, which is summarized in case (a).

Case (b): When 0 < d; <dj (15°").

In period 1, if d < d;, by Lemma (4), the pooling coexists with and defeats the costly-separating
equilibrium. Given the equilibrium in period 1 is pooling and d; > d (l’z"ml), if d<dj (lé"’(’l), the
equilibrium in period 2 is pooling as well; if d} (ZSOOl) < d < d, the equilibrium in period 2 is
costly-separating.

In period 1, if d; < d < dy, the costly-separating equilibrium is the sole equilibrium and thus
undefeated equilibrium. Given the equilibrium in period 1 is costly-separating, d; > d} (I57), and
dy > d, (157), if dy < d < d}, (I5°), the equilibrium in period 2 is costly separating; if dj, (157) < d < d,
the equilibrium in period 2 is naturally separating;

In period 1, if d > d,, the naturally-separating equilibrium is the only remaining equilibrium and
thus undefeated. Given dy > d), (I57), the equilibrium in period 2 is naturally separating as well.

The undefeated equilibrium is summarized in case (b).

Case (c): When d; > d} (l’2’°°l).

In period 1, if d < d;, the pooling is the undefeated equilibrium. Given the equilibrium in period
1 is pooling and d; > d, (l§°°l) > d] (lé’o‘)l), ifd<d] (lg"”’l), the equilibrium in period 2 is pooling as
well; if d} (l?;"”l) <d<d, (lgf"’l), the equilibrium in period 2 is costly-separating; if d) (lg(")l) <d<dy,
the equilibrium in period 2 is naturally-separating.

In period 1, if d; < d < dy, the costly-separating equilibrium is the sole equilibrium and thus
undefeated equilibrium. Given the equilibrium in period 1 is costly-separating, d; > d} (I57), and
dy > dy (157), if dy < d < d}, (I57), the equilibrium in period 2 is costly separating; if dj, (I57) < d < da,
the equilibrium in period 2 is naturally separating;

In period 1, if d > d,, the naturally-separating equilibrium is the only remaining equilibrium and
thus undefeated. Given dy > d), (157), the equilibrium in period 2 is naturally separating as well.

The undefeated equilibrium is summarized in case (c).





